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PREFACE 


This volume contains a series of lectures delivered to students in the 
Advanced Course in Engineering of the General Electric Company, 
The subject matter represents a short outline of the tensorial method 
of attack of certain electrical-engineering problems that has appeared 
in three more exhaustive publications* and in several shorter papers 
since 1932. Although no additional basic concepts are introduced that 
have not appeared in the other publications, still several old topics are 
presented from a new point of view and other new subjects are touched 
upon, such as mercury-arc rectifier circuits. Among the new groups 
of transformations introduced are those establishing equivalent cir- 
cuits for rotating machines (such as the capacitor motor) that can be 
set up on the a-c. network analyzer. 

The subject matter has been selected from the point of view of the 
power engineer and is divided into two parts. The first part deals with 
the invariant theory of general asymmetrical networks, without inquir- 
ing too closely what the individual “coil’' and its impedance Z stand 
for. The network may be stationary or rotating: the performance may 
be transient or steady-state. The second part undertakes a more 
detailed analysis of one special type of asymmetrical network, namely, 
rotating machines. 

The purpose of this volume is to develop a new method of reasoning 
in analyzing engineering problems and not to study in detail any par- 
ticular structure. There are no specd-lorque curves or descriptions of 
performances of systems. The volume is restricted to the presentation 
of a unified method of analysis. Although the method of reasoning is 

* Kron, “Tensor Analysis of Networks,” John Wiley & Sons, January, 1939. 

Kron, “ The Appliration of Tensors to the Analysis of Rotating Electrical Ma- 
chinery,” Parts I-XV'l, General Electric Revim<, May, 1938. 

Kron, “The Apjjlication of Tensors to the Analysis of Rotating Electrical Ma- 
chinery.” A series of articles that aijpeared in the General Electric Revieru beginning 
-April, 1935, of which Parts XVll and XVIII (.May ami October, 1938) are not 
included in the bound volume. 

These three publications will be referred to throughout the text as T.A.N., 
A.T.E.M., and G.E.R., respectively. 
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new, the results arrived at arc in a form used by engineers with whom 
the author is in contact. 

At first reading the following chapters mav be considered: 1-4, 
6 , 12 , 13 , 15 - 18 , 21 - 23 , 28 , 30 , 32 . 

G.-VBklEL KrON 


SCIIENECTAPY, X. Y. 
February 9, 1942 



INTRODUCTION 


One of the purposes of this and the other books of the author is to 
establish, manipulate, and solve the equations of performance of com- 
plex engineering systems in an organized manner instead of haphazardly 
and to utilize this organization to obtain new information about the 
systems. In the following, only the setting up of equations will be 
studied in detail, and of the many manipulations only one process — 
the elimination of variables — will be introduced. Since practically all 
the differential equations introduced can be solved, if at all, by well- 
known methods, the systematic solution of systems of differential 
equations is not undertaken in these pages. In textbooks on matrices 
the reader will find a wealth of material on the systematic solution of 
sets of differential equations. 

The organization is undertaken with the aid of a mathematical tool 
known as tensor analysis, which has been found to be the natural tool 
for investigating phenomena taking place in the actual physical world ‘ 
or in the abstract spaces invented by human imagination. However, 
the manner of application of these modern concepts for the problems 
of the engineer differs radically from the point of view adopted by the 
physicist (or the geometer). This radical departure is necessitated by 
the different goal aimed at by the two groups of specialists. 

Tensor analysis has hitherto been used exclusively to establish the 
invariant laws of nature in the form of tensor equations that are inde- 
pendent of the reference frame employed. Very little attention has 
been paid, however, to expanding these symbolic equations to particu- 
lar cases. In these volumes, on the contrary, the establishment of 
symbolic equations is only a stepping-stone toward the final goal of 
constructing a smooth-running mechanism that automatically unfolds 
the relatively few symbolic equations to apply to the infinite variety of 
specific problems with which an industrial civilization confronts the 
engineer. 

This mechanism is nothing more than a method of reasoning, a 
philosophy, that serves as a pathfinder while iht* engineer cuts his way 
across the labyrinth of interrelated phenomena. A short outline of the 
proposed method of attack on engineering problems (whether the>' are 
electrical or mechanical phenomena) is given here. 

i.x 
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Let the transient and stead 3 ’-state performance of an enj,nneerinp[ 
structure, say a turbine-governinj? system or an electric speed drive, 
be determined. The steps are as follows: 

1. Do not analyze the gwen system immediately, since it is com- 
plicated. Instead, first set up the equations of another related sys- 
tem which is much simpler to analyze (or whose equations have 
already been established on a previous occasion). 

2. Then change the equations of the simpler system to those of 
the complex system by a routine procedure. 

Tensor analysis supplies the routine rules by which the equations 
of the simpler (or known) system are changed to those of the given 
system. 

The question immediately arises: How are the simpler systems estab- 
lished? Two procedures are available, to be used independently or 
simultaneously. 

1. Break up the complex sy stern into several component systems by 
removing certain strategically located interconnections so that each compo- 
nent should he easy to analyze. This break-up may he accomplished in 
several successive steps. 

For a turbine-governing system, say, the system is divided into the 
governor, the linkage, the pilot valve, and the turbine, and the per- 
formance of each is studied as if the others were not present. For an 
electric speed drive, the system is divided into the synchronous motor, 
the induction motor, and the stationary network. 

Now, if the equations of each of these component systems have not 
been established before, then each component is again subdivided into 
still smaller components whose equations are easy to establish. 

The collection of component systems, which forms the last step in 
the necessary subdivision, w'ill be called the “primitive system.” 

Once the equation of a component part (say, the governor) has been 
established, there is no more necessity to establish its equation all over 
again when it is used as a component part of a different engineering 
system. That is, the results of all investigations in the language of 
tensors may be stored away for future use in different types of prob- 
lems just as standardized machine parts are stored away to be reassem- 
bled in a variety of structures. 

2. In addition to breaking up the complex system into several com- 
ponent systems, assume new, simpler types of reference frames either in 
the original or in the broken-up systems. 

For instance, instead of curvilinear axes, assume rectilinear axes if 
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possible ; or, instead of brushes at an angle, assume brushes along the 
main poles; etc. The new axes may be actually existing or hypotheti- 
cal axes (like symmetrical components or normal coordinates, for 
example),. 

The routine procedure of going from the equations of the “primitive 
system” to the equations of the actual system is usually referred to as 
“transformation theory” or “transformation of reference frames.” 
This process is the backbone of tensor analysis. 

It is surprising how few ultimate types of elements there are that 
form the building blocks of the great variety of engineering structures. 
Most stationary networks consist of a collection of one-dimensional 
“coils” only; all rotating machines consist only of a collection of two- 
dimensional “windings.” The great variety of structures differ only 
by the manner of interconnections of these ultimate coils and wind- 
ings, and the variety of theories differ only by the type of hypothetical 
reference frame assumed. 

It Is only the study of the ultimate building blocks that requires 
analytical work. The interconnection of these units into the given 
system is a routine procedure. 

Of course, many ideas of tensor analysis have been and are utilized 
by engineers in their daily work without using the word “tensor.” 
The present study undertakes a systematization and extension .rf 
those loose or half-baked ideas and “hunches.” 

Although the method of reasoning will be employed here only for 
stationary and rotating electrical networks, exactly the same reasoning 
applies also to mechanical and other physical systems. That is, all 
reasonings and all sytnbolic formulas to he studied are independent 
of electrical engineering. The electrical applications are only illus- 
trations. 

It should be mentioned that only the second step of changing the 
reference frame on a given system has been used by geometers in 
differential geometry by employing the apparatus of tensor analysis. 
However, the first step of tearing a structure into several component 
parts, or rather transforming the equations of different structures into 
each other, has not been employed as yet in geometry. It is this very 
process of building up the equations of complex physical structures 
from those of their component parts that serves as the key to the 
tensorial analysis of engineering structures. Without this process 
every individual machine and system presents an isolated problem to 
be analyzed anew from the very fundamentals. 

Only during the last few years has a similar study been undertaken 
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by geometers in topology, using reasonings, concepts, and the appara- 
tus of tensor analysis analogous to those einployc'd by electrical 
engineers.* It is rather interesting that Kirchhoff laid the foundation 
of topology by his study of electrical networks. It is not a coincidenct' 
l)ut a conseqiienci* of some hitherto hidden relation between the prop- 
erties of space tint! those of electricity that the .science <jf electrical 
engineering and that of topology meet again on a <‘oumion ground 
when both are viewed from an invariant point of view. 

As first steps to the ty])e of organixation undertaken by the method 
of tensors, the usi* of matrices tuid three-dimensional vectors, both 
familiar concepts to (‘ngim*ers, may be con.sidered. Matrices have 
been extensively emjdoyed by mathematiciiins in function-theoretictil 
investigations, for instance in determining the characteristics of the 
roots of differential equations. I'raxier, 1 )unc;in, and ('olhir f lutve 
used nuitrio'S in investigating the* differential equations tlmt arisi* in 
mechanical vibration problems, l''eldtkeller,J also Strecker, ('alter, 
and th(‘ir followers, have used matrices in synthesis problems of four- 
tennimd communication networks. 

The vt'ctors of conventiomil vector analysis (also the dyadics, 
triadics, and, in general, tlu* “ijolyadics”) form a type of organisation 
difftwent from matriees, (hough matrices of various diitumsions always 
adse wh{‘never vectors are rei>resenl(‘d tdong some parlicuhtr reh-rence 
frame. Whereas matrices owe their existeiici* to arbitrary mathemati- 
cal definitions, vectors have an independent plysical existiaice of their 
own, and their mathematical definitions try only to embcKly the jdiysi- 
cal characteristics of vectors endowed b\’ nature. 'I'hat is, Ihe ro7i{'epts 
of conveniional vector inialysis are matrices come to life. 

Now tensors inay be looked upon as vectors (or nit her ptdyadic.s) come 
of age. While vectors c;in repre.sent only three variables .simultane- 
ously, tensors may be used in i)roblems with any number (d variables. 
The use of conveniional vect<jrs is restricted to .specitil types of refer- 
ence frames drawn in sjx-cial tyjjes of sjjaces. No such limitations an* 
imposed upon tensors. 

That is, “tensor” is just another name for “physical entity." Tensor 
analysis is the study of physical phenomena in terms of the physical 
entities themselves. It also supplies a routine mechanism to (.‘xi>ress 
the behavior of these entities in a mathematical form along any 
desired reference frame. 

* Tucker, "Discu-ssion on Tensor Analysis,” Electrical lin^ineeriii?,, 10.17, p. 610. 

t “Elementary Matrices,” Oxford Univensiiy Press, 1038. 

t “Fernmeldtechnik,” Springer, Berlin, 1938. 
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Since engineers deal with more complicated and interrelated physical 
phenomena than physicists or geometers, tensor analysis is an engineer- 
ing tool par excellence, and it might have been invented and devel- 
oped by engineers had not engineering often been restricted in past 
decades to a cut-and-try art. As analytical methods come into more 
prominence and the complexity of engineering problems increases, the 
need of putting to practical use the organizing ability of tensorial 
methods will become more pressing. 

Examples of such pressing needs are the equivalent circuits of single 
and interconnected rotating machines. The computations of the 
performance of modern interconnected systems are so long and time- 
consuming that the aid of calculating machines, such as the a-c. net- 
work analyzer, must be resorted to. The establishment of equivalent 
circuits requires just the type of organized steps and physical pictures 
that the tensorial method of attack, presented in this book, supplies 
automatically. 

Other examples are the stability and hunting studies of engineering 
structures that are today in the foreground of attention because of the 
increased use of autornatic control devices. It is well known that the 
conventional application of the Lagrangean equations to the study of 
small oscillations — as given in textbooks on dynamics or on electrical 
machinery — do not lead to tensor (invariant) equations. As a conse- 
quence the resulting equations do not give a complete physical picture 
(except in special cases) of what actually takes place in the system dur- 
ing small oscillations, even though the equations do give correct numer- 
ical answers. This lack of completeness shows up in any attempt to 
visualize the phenomena of hunting or in attempts to construct physical 
models.* 

To establish the invariant form of hunting equations and thereby to 
express the phenomena of small oscillations in terms of measurable and 
visualizable physical quantities, it is necessary to employ such advanced 
concepts of tensor analysis as the Riemann-Christoffel curvature ten- 
sor (discovered first by Riemann about a century ago). 

It is the avowed purpose of these volumes to introduce into the 
study of engineering structures only such concepts as physicists have 
developed for the study of the simplest unit of the structure. Every 
effort has been made at the same time to introduce only the absolute 
minimum of concepts into engineering and only those that form the 
very foundation of theoretical physics. The formulas and methods 

=»Kron, “Equivalent Circuits for the Hunting of Electrical Machinery," Trans 
A.I.E.E., 1942. 
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of attack proposed are based upon the conviction that the science of 
engineering differs from the science of physics only in; 

1. Using a larger number of variables. 

2. Employing greater variety of reference frames. 

3. Constructing more complex spaces. 

But the basic symbols used in both sciences are identical; they must be 
identical by virtue of the very identity of the phy.sical phenomena 
dealt with. 
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CHAPTER 1 


THE ALGEBRA OF N-WAY MATRICES * 

JV-WAY MATRICES 

The presentation of tensor analysis is facilitated by an acquaintance 
with the algebra of matrices. 

A set of quantities may be arranged in various dimensions and 
denoted by a single symbol. Such a set is a row 



or a cube, Fig. 1.1. 

In general such multi-dimensional sets are called “w-way matrices” 
or ”w-matrices” or briefly “matrices.” (A “2-matrix” is often called a 



Fig. 1.1. A cubic set. 


“matrix” when no misunderstanding may arise. A 1-matrix is also 
called a “linear matrix” or “column matrix.”) Each number is called 
an “element.” 

A single quantity like 5 or may be called a “0-matrix” (zero- 
dimensional matrix). 

* T.A.N., Chapters I and II. 

3 
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The number of rows and columns and layers may vary from one to 
infinity, depending on the problem. The theory of «-matrices with 
infinite number of rows will not be considered here. 

In print, matrices are denoted by bold-face letters as above or by 
brackets as A = [/!]. In writing, matrices are usually represented by a 
bar over the letter. 

EXAMPLES OF AT-WAY MATRICES 

Let a stationary network with four meshes be given. Then (Fig. 1.2) : 



Fir.. 1.2. A four- 
mesh network. 


1. The four mesh currents may be arranged in a 1-matri.K and de- 
noted by one symbol as 


2. Similarly the impressed voltages around the meshes form a 1- 
matrix 


Each of the components may be d-c or a-c or instantaneous or a 
Heaviside unit function, etc. 

3. The self and mutual impedances of the meshes may be arranged 
as a 2-matrix 

where 

-^11 = -^11 + Liip -f l/pCii + 
or 

-^11 = -Kii + Xi’ 

Each component may be a real or complex number or may contain the 
differential operator p = d/dt. 


Zii 

Zi2 

Zl3 

2i4 

Zil 

•Z22 

2^23 

2-4 

Zil 


Zs3 

! ^34 

Zii 

^42 

Zi3 
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4. The instantaneous power input, or stored magnetic energy, or 
electrostatic energy in the whole system, is a single number (or single 
function of time) and each is a 0- matrix. 


ADDITION OF N-MATRICES 


i'/-matrices may be manipulated as ordinary quantities with certain 
precautions. Only 0-, 1-, and 2-matrices, and their addition, multi- 
plication, and division, will be considered here. 

Only n-matrices of the same dimensions and the same number of 
rows may be added. They are added by adding corresponding compo- 
nents. 


1 

2 

5 

-4 


e = 


-2 

□ 



i + e = 1 

□ 

1 

□ 


3 

2 

4 

-2 


Multiplication of iV-Matrices 

1. 0-Matrix and n-Matrix aB, Any ^-matrix is multiplied by a single 
number (0-matrix) by multiplying each element by the given number. 


2 

4 

6 

8 

10 

-2 

0 

4 

2 


2. Two 1-Matrices i-e. Multiply corresponding elements and add 
them. The product is a single number, a 0-matrix. The product is 
usually denoted by a dot. 


i-e=(l)(0)d-(3)(-2) + (5)(l) 

1.3 


3. 2- Matrix and a l-Matrix A-i. Draw a horizontal and a vertical 
arrow as shown, and multiply each row of the 2-matrix by the 1-matrix, 
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giving a single number. These single numbers are arranged in a 1- 
matrix in their proper order. 



3 

1 

4 


1 



3-1 4- 1-2 4-4-3 


17 

A-i = 

2 

5 

6 


2 


= 

2-1 -f 5-2 -h6-3 

- 

30 


1 

2 

5 


3 



1-1 -f 2-2 +5-3 


20 


4. 1-Matrix and a Z-Mairix i-A. Again draw first a horizontal, then 
a vertical arrow, and multiply as above. The result again is a l-matrix. 



1.5 


5. Two 2~Matnc.es A*B. Again draw first a horizontal, then a verti- 
cal arrow, and multiply each rowof the first by each column ( >f the second 
2-matrix (as the arrow indicates). Each product is placed in the corre- 
sponding place of the resultant matrix as shown. 



rUVISION WITH W-MATRICES 

An »-matrix can be divided only by a single number (0-matrix) and a 
square 2-matrix. 

1. An n-matrix is divided by a single number by di\’iding each of its 
elements by the number. 



2. Division by a 2-matrix Z is represented by a multiplication with 
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its inverse Finding the inverse of Z is analogous to solving a set 
of simultaneous equations by Cramer’s rule. 

In order to find the inverse of a matrix Z, one first has to know how to 
find the (a) “determinant” of a matrix, {b) “minor” of an element of a 
matrix. 


(a) The determinant of 


The determinant of 


A 

B 

C 

D 


is AD — CB = a number 


1.8 


A 

B 

C 

D 

E 

F 

G 

H 

K 


is AEK + BFG + DHC 
- GEC - DBK - AHF 
= a number 1.9 


(&) The minor of an element is found by cancelling the row and 
column of the matrix passing through the element and calculating the 
determinant of the remaining matrix. For instance, the minor of B in 
the last matrix is DK — GF. 


Inverse Calculation of Z 

The inverse of Z is found in four steps: 

1. Interchange rows and columns (i.e., find 

2. Replace each element by its minor. 

3. Divide each element by the determinant of Z. 

4. Multiply the elements alternately by plus or minus 1 according 
to the scheme of Fig. 1.3. 


+ 

- 


- 

+ 

- 

+- 

- 

+ 


Fig. 1.3. 


As an example let the inverse of 


A 

B 

C 

D 

E 

F 

G 

11 

K 





THE ALGEBRA OF A^-WAY MATRICES 


8 

be calculated 

1. The transpose of Z is 


A 

D 

C 

B 

E 

II 

C 

F 

K 


2. The minor of each element is 


EK-FII 

BK-lIC 

BF-EC 

DK-GF 

AK-GC 

AF~DC 

DII-GE 

AII-CB 

AE-DB 


3. Divide each element by 

Det = AEK + BFG + DIIC - GEC - DBK - A!IF 

4. Multiply each element alternately by plus or minus 1 


{EK-FIDJD&t 

{J/C-5A:)/Det 

{BF-EC)/Det 

{GF-DK)/D<i.t 

{AK-GC)flItt 

(Z?C->l/')/Det 

{DII-GE)/F><tt 

{GB~AII)/E)^\. 

(.4£-Z)7i)/Dct 


The fraction 1/Det may be written outside the matrix as a factor. 
IMPORTANT 2-MATRICES 

1. When the rows and columns of a matrix A are interchanged, the 
resultant matrix is called the "transposed” matrix and is deiujted as 
kt- For example, 


The transpose of a transposed matrix is the original 
(A,)i = A 



1 4 

2 5 

3 6 


1.12 
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2. The “unit matrix” has unity in its main diagonal and zero else- 
where. 


Any matrix multiplied by 1 is unchanged. 

1-A = A*1 = A 

The unit matrix is used in factoring. 

A + A-B = A*(l + B) 

3. The “zero matrix” has zero for all its components. 


1.13 


1.15 



Any matrix multiplied by 0 becomes zero. 


0-A = 0 


1.16 


1.17 


4. A “diagonal matrix” has components only along the main 
diagonal. 


H 1.18 


5. A “symmetrical matrix” is symmetrical with respect to the main 
diagonal line. 


1 

4 

6 

4 

2 1 

5 

6 

5 

3 


1.19 
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For a symmetrical 2-niatrix A 

A = A, 1.2{) 

6. A “skew-symmetric” matrix has comjKiricnl^ with si;^iis 

on the two sides of the main diagonal. 

(1 2 .t 

A- -2 0 { 4 1.21 

..| 

-2 -t i 0 


7. Any matrix A may he divided into the sum of a syminett leal 
matrix B and a skew-symmetric matrix C. 'I'liat is, A B • C, where 




1.22 


FORMS 


(a) The product of two l-ma1rices e and i as ed hi B-matrix^ is 
called a “linear form.” If i represents the mesh curreui'^ nf a network 
and e the impressed voltages, then e-i ~ P is the "power input, " a 
linear form. 

The double product f>f a 1-matrix i ami a i-matrix L :t'' i-L-i j'a 
0-matrix) is called a “tjuadratic ff)rm.” If x represent tiie jnedt nir- 
rents and L the self and mutual inductances of a network, then i 
i'Ld repre.sents the instantaneous stored magnet ie energy in the 
system. 

(J) One properly of riuadratic forms should he mentioned 



That is, the 2-matrix of a quadratic form is ukcays synutirfri' .// - .r ! ,if !mt 
the skew-symmetric part of L, namely (L - L; 2. mniiijtlied hv i 
twice always gives zero;. 


PROPERTIES OF THE INVERSE MATRIX 7, ‘ 

1. Only a square matrix has an inverse. 

2. is also a square matrix. 

3. If Z is a symmetrical matrix, is al.'^o svrnmetri<';d. 

4. If Z is a diagonal matrix, then Z~' is also diagon.d. 
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Hence whether the inverse of a matrix has been correctly calculated 
can be easily checked by multiplying the inverse by the original in any 
order. The product must be the unit matrix. 

6. If the determinant of a square matrix is zero, then its inverse Z~^ 
does not exist. 2-Matrices whose inverses do not exist (being rectangular 
or having zero determinant) are called ''singular" matrices. 


ORDER OF MATRICES 

1. In general, the order of M-ma trices cannot be disturbed. For 
instance 

or (A*i)-B A-B-i 1.26 

Exceptions are; 

{a) If e and i are 1-matrices, then 

e-i = i*e 1.27 


(6) If A is a 2-matrLx and i is a 1-matrix, then 

A-i - i-At 1.28 

2. When three 2-matrices are to be multiplied together, as A*B*C, 
then the multiplication may be performed in any succession as: 

(a) First A-B, then (A-B)-C. 

{b) FirstB-C, then A*(B*C). 

But the order cannot be interchanged. That is, under {b), B -C should 
not be multiplied by A in the wrong order (B *0) ■ A. 

3. If A, B, and C are 2-matrices, then 


(A-B-C)j = CrBrAi 
(A-B-C)-^ = C-^.B-i-A-' 


1.29 


Note that the order is reversed. 
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MANIPULATION OF MATBIC EQUATIONS 


An equation in which each symbol is an «-matrix is called a “matric 
equation.” Each term in a matric equation has the same dimensions. 
For instance, 

1. Each term is a 0-matrLx (a “form”)*. 


(а) Equation of power, P = e*i. 

(б) Equation of energy, T == 

2. Each term is a 1-matrix. 

{a) Equation of voltage, e = R*i + L*pi+ (S/:^)*i. 
{b) Equation of current, i = Y-e. 


3. Each term is a 2-matrix, 

(a) Short-circuit impedance, Zj = Zi — Z 2 *Z 4 ^'Z 3 . 

{b) Law of transformation, Z' = CrZ*C. 

Inamatric eqiiaiion, only a 2-matrix {or products of n-matrices forming 
a 2 -matrix) can be transferred to the other side of the equation by multi- 
plying both sides by the inverse matrix. For example, let 

e = Zi -ii “1“ '2t2't2 


To solve for i 2 , multiply each term by Zi" ^ (It is assumed that the 
inverse of Z 2 exists.) 


But 

Hence 

or 


Z2^*e = Z2^*Zi'ii -f Z2^ *22*12 


ZJ^*Z2 = I and I*i2 = i2 
Zj^*e = ZJ^-Zi-ii -f i2 
12 = Z 2 ^'[e — Zi'ii] 


1.31 


Otherwise matric equations are manipulated in exactly the same manner 
as ordinary equations. Only the order of symbols should not be dis- 
turbed. 


EXERCISES 







EXERCISES 
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Find: 

1. e i. S. At. 

2 . ed. 6. A-Bi. 

3. e-A. 7, C-^ 

4. e-A-i. 8. C“CC. 

9. Given two matric equations with two unknowns ii and iz 

ei = Zi‘ii + Zz-iz 

62 = Zs'ii 4- Z4-i2 

Solve them for ii. 

10. Given three matric equations with three unknowns ii, i 2 , and is. 

©1 = Zi*ii + Zz'h + Zs-is 
62 = Z4*ii + Z6-i2 + Zfi-ig 
©3 = Z7*ii + Zs'h + Zg-is 

Eliminate is from the third equation so as to leave only two equations with the two 
unknowns ii and 12 . 




CHAPTER 2 


COMPOUND n-MATRICES* 

PARTITION OF MATRICES 

{a) Any w-matrk can be subdivided into several smaller parts, each 
part forming a similar n- matrix. 



Matrices in which each element itself is a matri.x are callerl "com- 
pound matrices.” They are added, multiplied, etc., as ordinary ma- 
trices with certain precautions. 

(&) In taking the transpose of a compound 2-matri.\;, the transpose of 
each element is also taken. 



(c) When two «-matrices with a large number of rows and columns 
are to be multiplied, they are first divided into compound matrices anrl 
only the latter are multiplied together. Afterward the component ma- 
trices are multiplied as indicated. E.g., in the above example 



* T.A.N., Chapters IX and X. 











ELIMINATION OF PERMANENTLY SHORT-CIRCUITED MESHES 15 


where 



ELIMINATION OF PERMANENTLY SHORT-CIRCUITED MESHES* 

(a) In engineering work rarely are as many equations written down 
as there are variables in the problem. For instance, in electrical net- 
work or machinery problems, the equations of permanently short- 
circuited meshes are left out and only the active mesh equations are 
handled. The question now arises, how to eliminate superfluous varia- 
bles from a .set of linear equations. (Or, speaking physically, how to 
eliminate certain meshes. These meshes may or may not contain im- 
pressed voltages.) 

Mathematically, the problem may also be formulated: How may a 
large number of variables be eliminated at one step from a set of linear 
equations instead of one variable being eliminated at a time? 

(b) Let the n linear equation, say e = Z -i, be divided into two sets of 
equations in any arbitrary manner. 



e = ei + 62 

i = ii + i2 2.4 

Z = Zi + Z2 + Z3 Z4 

*A.T.E.M., p. 76. 
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COMPOUND 72-matrices 


where 63 indicates the impressed voltages and L the currents in the 
meshes to be eliminated. ; 

As shown in the previous example, the single equation e = 2 -i may f 
then be replaced by tivo equations 

Cl = Zi*ii + 22*12 2.5 

eo = Z^’ii + 24*12 2.6 

{c) Let u be eliminated from the second equation. I'hat is, let a set 
of variables Ire eliminated. The procedure is exactly the same as if two 
scalar equations were solved for the two unknowns. 

2.1*12 = 63 — 2(1 -ij 

h — 24^(52” 2.7 

Substituting 12 into the first equation J 

Cl = Zi'ii -f 22*2^' *(62 — Zg-ii) f 

Cl = Zi*ii -j- Z2*Zj^*e2 — Z2*Z4 

61 = Z2*Z4Le2 -f- (Zi — Z2*Z4 L 2 .j) ' ii 

Therefore 

ej — Z 2 ’Z 4 ^-e 2 = (Zi — Z2*Z7^*Z;j)*ij 2.8 

This is an equation of the form e' = Z'*ii but it contaitis less rows 
than the original set. The new Z' of the reduced network is 


1 ' = Zi 


Z 2 -Z.rLz 3 


2.9 


(this may be called the "short-circuit” matrix; and its new* impressed 
voltage is 


e' = (ei — Z2’Z,i bgo) 


2.1U 


Solving for ii 




2.11 


That is, the set of currents ii is calculated by finding first the inverse 
of only one matrix Z4 having less rows and columns than the original 
matrix, then after several multiplications the inverse of another matrix 
is found having as many rows and columns as Zi. 





SOLVING A SET OF LINEAR EQUATIONS IN TWO STEPS 17 

Ifii is already known, the value of the eliminated currents 12 is found 
from equation 2.7 : 

ia = Z4.^*(e2 — Zs'ii) 2.12 

(e) In many cases 62 = 0 (that is, the eliminated meshes contain no 
impressed voltages). Then equations 2.11 and 2.12 are simplified to 

11 = Z'-^-ei 2.13 

12 = — 2.14 

(/) If the new set of equations e' — Z'-ii contains several variables, 
it can again be subdivided into two sets of equations and the above 
process repeated. 

The calculation of inverse matrices is entirely avoided if one variable 
at a time is eliminated. This step is equivalent to the usual star-mesh 
transformation that eliminates the meshes one at a time.* 


SOLVING A SET OF LINEAR EQUATIONS IN TWO STEPS 
(a) Given five equations with five unknowns. 

10 = ia'\~ '^ih “ d~ 5^/ 

9 = 2ia “h 4fj, + 3ic 4“ Sid — if 

8 = 3ia 4" 4*6 4" 5*c 4" 2id 4" 3*/ 2.15 

7 = 4" 2*6 — 4*c ” 3*d 4" Sif 

6 = Sia 4" % ~ 3*c 4“ 3*d T' 2if 


If the five equations are written as e = Z*i, then 


1 

2 

-3 

4 

5 

2 

4 

3 

5 

-1 

3 

4 

5 

2 

3 

1 

2 

-4 

-3 

5 


1 

—3 

3 

2 


10 

9 

8 

7 

id 


ia 

ib 


id 

h‘ 


T.A.N., p. 261. 
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COMPOUND J2-MATRICES 


The problem is to solve for the five unknowns i. Three r>f the un- 
knowns id, and if can be eliminated in one step by separating the 
first two from the last three components so that 



(&) If the last three rows and columns are eliminated, the remaining 
matrix (having two rows and columns; is 
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(d) Hence, the remaining two equations with two unknowns are 




which can be solved for ii as ii = Z' ^* 6 '. 

The eliminated currents are found by 12 = Z4^(e — Zs-ii). 






















CHAPTER 3 


TRANSFORMATION THEORY* 

The Primitive Network 

(a) Let the network of Fig. 3.1 be given having four coils and three 
meshes. (In going around a mesh, if two coils are connected 1-2, 1-2, 
then their fluxes are in the same direction; 
when connected as 1-2, 2-1, their fluxes oppose 
each other.) 

The impedance of each coil may be ex- 
pressed as + jX or as R-\- Lp 1 1 pC or 

in other forms. The coils may be parts of a 
rotating machine or of a vacuum tube, etc. Fig. 3.1. Given network. 
Here they are all called “coils.” 

The problem is to establish their equations of performance e = Z*i 
consisting of three linear equations. 

(&) The method of tensor analysis states: 

1. Don’t try to set up immediately the three matrices e, Z, and i 

of this network. 

2. First set up e, Z, and i of another network whose analysis is 

much simpler. 

This other network is found by removing all interconnections be- 
tween the coils and short-circuiting 
each, as shown in Fig. 3.2. This is 
2 called the “primitive network.” 

^ An impressed voltage ed in a branch 
J with zero impedance is also assumed 

Sq fib ®c ®d Gf to have an impedance Zt/ji whose value, 
Fig. 3.2. The primitive network howler, is zero. Similarly, a Coil with 
of Fig. 3.1. impedance is also assumed to have 

an impressed voltage eu in series with it, 
whose value, however, is zero. (The arrows show which coils have 
mutual impedances and in which direction. It should be noted that 
Zf,/ and Zca are zero.) 

* T.A.N., Chapter IV; A.T.E.M., Part II; G.E.R., May, 1935, 
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(c) For the primitive network e, Z, and i are established by simple 
inspection, as 


a 

b 


d 

f 




a b c d f 




Zac 




Zhb 






Zee 









Z/b 



% 


All zeros are left out. 

In order not to cause confusion, each row and column has an index 
alongside referring to a particular coil. This index may also be con- 
sidered a unit vector. 

The equation of performance of the primitive network is e = Zd, 
representing as many linear equations as there are coils. If needed, the 
equations may be solved for the currents as i = 

The Transformation Matrix 

The next problem is to establish some relation between the given 
network and the primitive network. 

1. Assume as many currents in the given networks as there are 



Fig. 3.3. New variables. Fig. 3.4. New currents in each coil. 


meshes, Fig. 3.3. These currents may be assumed anywhere as long as 
they are independent of each other. 

2. Express the currents flowdng in every coil in terms of these new 
currents with the aid of Kirchhoff’s laws (Fig. 3.4) . 

3. If the primitive network, Fig. 3.2, is compared with this last net- 
work, Fig. 3.4, each coil now has twm different expressions for the cur- 
rents flowing in it. 
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EQUATIONS OF THE GIVEN NETWORK 

Equate the old expressions with the new expressions for each coil sepa- 
rately by inspecting the two diagrams. 

In coil Zaa i°' = ^ + i’’ 

Zi, = i^ - i^ + i^ = i^ + 

Ze. io=- i^ = - 3.2 

Zm i^ = 

Zff i^ = iP — -f- E 

(For each coil the current is written from 1 to 2.) 

4. This set of linear equations may be written (analogously to 
3 = Z'i) as i = C-i', where the components of C are found by taking 
:he coefficients of the new currents 


abcdf pqr 



This C is called the “connection matrix” since it shows how the c'oils 
ire connected together. Or C represents the relations !)etw{‘(;n the 
:urrents (the old variables) of the primitive network and the currents 
the new variables) of the given network. 

5quations of the Given Network 

The equation of the new network e' = Z'd' contains exactly flie 
ame ^-matrices in exactly the same order as the equation of the jirimi- 
ive network e = Z-i except that they now have clitTerent <-oni{K.nents. 

C being known, it is possible to find Z' and e' of the gixen network 
romZ and e (i' is known already) by the following fijrmulas (proof to 
ollow) 

Z' = CrZ-C 3.4 


e' = Cre 


3.5 
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TRANSFORMATION THEORY 


Performing the multiplications, the impe(ianc‘c matrix is 




Z,u- 




ZiA 




z„. 








Zfb 



% 




Zhh 

ZlA 

— ZtA 

Zhb 

Z„a + ZlA + Z,r + Z„C 

-Zu. - z,,, 

Zjh — Zhb 

Zfh - Zbb - ’ 

Z// + z,ui + Zw, — y.fh 


The impressed voltage matrix is 



Hence the equations of performance of the network, I’ig. 1, are by 
e' = Z'*i' 

ed = Z,M^+ . Zhbi” + <-Z,.h)Z 

~e,= ZbbP + {Zaa + Zbi, + + Zao)i'’ + (~Zbb - Z,.a>r 3.9 

0 = (Z/6 — Z6i)iP + (Z/b — Zhh — Zaa — Zai )i‘‘ + tZ// + + Zm, ~ Zp,:Z 

Solutions for Currents and DijBEerences of Potential 

Once the equations e' = Z'-i' have been eslal)lisheci, they may l;e 
subjected to all types of manipulations, usually involving eompouiul 
matrices. For instance, some of the currents (or their Cfjrresponding 
meshes) may be permanently eliminated by Z' = Zi - Z^-Z.^'-Zo; 
or the conditions that the various impedances must satisfy in orrler that 
some of the currents should remain constant irrespective of how the 
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loads vary may be investigated. The examples might be continued 
indefinitely. 

The equations can be solved for the currents as 

r = = Y'-e' 3.10 

by finding the inverse of Z' and multiplying it by e'. 

Once the currents i' have been found, then: 

1. The differences of potential Be existing across each coil are found 
by 

e, = Z-C-T 3.11 

where Z *0 already has been calculated in finding Z' by Cr Z *0. 

2. The currents i^ flowing in each coil are found by 

ic = C-r 3.12 

PERMANENCE OF THE METHOD OF REASONING 

Of course, in simple problems the ordinary method of analysis is 
faster than the method shown. The value of the method comes into 
increasing prominence when: 

1. The network becomes more complex. 

2. The number of mutual impedances increases. 

3. The mutual impedances are asymmetrical. 

4. In place of the usual self and mutual impedances, artificial types 
of constants are used, such as “bucking” impedances or “positive-, 
negative-, and zero-sequence” impedances. 

5. In place of the actual currents hypothetical currents are used 
such as “symmetrical components” and “load currents.” 

6. The equation of performance is more complicated than e = Z • i. 

7. The reference axes are not stationary but move or rotate. 

8. The system is not a stationary network but a rotating machine. 

9. In place of circuit problems, problems are analyzed. 

10. The system is not an electrical but a mechanical, optical, elas- 
tic, or some other system. 

In all such cases the steps shown remain unchanged, and they still give 
the correct answer automatically, as will be shown subsequently. With 
ordinary methods of analysis, for each different type of problem a new 
“trick” has to be invented, each of the tricks requiring sometimes years 
to learn (and days to forget). 

That is, the method of tensors in general does not save time in getting 
a numerical answer to a particular problem if the problem is attacked 
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by a specialist. It does save time, however, by avoidins^ tlie necessity 
of inventing a new trick for each new type of problem. 

Of course, as the complexity of the system increases, the above steps 
have to be correspondingly enlarged. But the gftrw steps still remain the 
nucleus of the method of attack. 

EXERCISES 

1. Find C and Z' of tlic networks of f'ig .AS. 

2. (iiven the bridge net work of Fig. .16 with nuiltials Imtwcen Zm-'/.y, and 
Find the currents and differences of jxitential in each roil. 



Fit;. 3.5. Fio. .16. 

3. Let Z of the primitive network of the rotating machine of Fig. .17 be 


a b c 



Find C and C(Z-C. Write out the two differentia! eciualions of the inacliine. 



Fig. 3.7. Fir;. 3.8. 


4. Find C and V of the cube of impedances forming h’ig. .l.S. What is the imped- 
ance between points A and B if each side of the cube i.s formed by a 1-ohm resistance? 





CHAPTER 4 


DIFFERENT TYPES OF TRANSFORMATIONS* 

Change of Variables 

The interconnection of coils is only one of an infinite variety of prob- 
lems which require the establishment of C, that is, which can be treated 
as a problem in “transformation of the variables 
i.” Another such problem occurs where the inter- 
connection of coils remains undisturbed but a new 
set of currents is introduced. (Other examples 
will follow.) 

Let it be assumed that, in Fig. 3.4 (shown 
again as Fig. 4. la), the currents and V' are 

replaced for some reason by another set of three 
currents and as shown in Fig. 4.16. The 
problem now is to establish the corresponding C. 

With the aid of this C then the e' and Z' of the 
circuit of Fig. 4.1a can be changed to e" and Z" 
of Fig. 4.1c by the previous formulas. 

The steps are exactly the same as before except 
that now Fig. 4.1a forms the “primitive” network 
instead of Fig. 3.2. 

1. Express the currents flowing in each coil in 

terms of the new currents, as shown in Fig. 4.1c. 4 j Change of 

2. Equate the old expre.ssion for current in variables. 

Fig. 4- la with the new expression in Fig. 4.1c. 

However, since the “primitive” network, Fig. 4.1a, has only three 
variables, it is now swfficient to equate the expressions in three of the coils 
only as. 

iP = 4- p 


* T.A.N., Chapters V and VI. 
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DIFFERENT TYPES OF TRANSFORMATIONS 


The coefficients of the new currents form the transformation matrix 
C. The remaining work of finding e" and Z” is purely automatic. If, 
instead of actual branch currents, hypothetical mesh currents (flowing 
in a closed mesh) are assumed, the analysis is the same. 

Interconnection of Networks 

When a complex system consisting of, say, several rotating machines 
and networks is to be analyzed, it is not necessary to subdivide the 
whole system into individual coils. It is sufficient to subdivide it into 



(o) The primitive system. 



(&) Interconnected .system. 



(c) New currents in each coil. 

Fig. 4.2. Interconnection of networks. 

several component parts, each consisting of a rotating machine or a net- 
work, analyze each separately (if their Z ha.s not yet been found), then 
interconnect them into the resultant system. 

In many cases the Z matrix of all or most component parts has already 
been calculated on preroious occasions, and that work need not be repeated. 
It is this preservation of previous results for later use in new combina- 
tions that is one of the advantages of the tensorial method of attack. 

Let, for instance, the two networks of Fig. 4.2a be interconnected as 
shown in Fig. i.lb. 




THE PRIMITIVE SYSTEM 
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The Primitive System 

Before interconnection Z, e, and i of both systems have been calcu- 
lated previously as 


m n k s t u 



where Z^m ^ Zmit- 

When the two networks are placed side by side as in Fig. 4.2a they 
form a “primitive system” whose e, Z, and i matrices (analogously to a 
primitive system of two coils with no mutuals between them) are 


m n k s t u 



m n k s t u 



k s t u 



(In the right-hand column the use of compound matrices is illus- 
trated. In terms of compound matrices, the analysis of the two net- 
works is analogous to that of two coils in series.) 


lISc Lib 


B'lore 
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DIFl'ERENT TYPES OF TRANSFORMATIONS 


The Transformation Matrix 

(a) The C matrix is established in exactly the same manner as pre- 
viously. 

1. Assume as many new currents in I'ig. 4.2& as there are meshes, 

namely five, and . 

2. E.xpress the currents flowing in each coil in terms (A these five cur- 
rents as shown in Fig. 4.2r. 

3. Equate the old expressions for currents in Fig. A.2a with the new 
expressions in Fig. 4.26-. Since there are only six old currents in Fig. 
4.2a, only for their six coils are such equations set up. Hence 


a b c d f 



The coefficients of the new currents form the C matrix, and C^Z-C 
gives the impedance matrix of the resultant network, etc. 

{b) The multiplication may Ije performed quickly if compound ma- 
trices are used. For instance 



The indicated multiplications and additions are now to be per- 
formed. 


EXERCISES 

1. Find C changing the variables from Fig. 4.3a to Fig. 4.3i. 

2. Find C changing the actual branch currents of Fig. 4.4a to the hypothetical 
mesh currents of Fig. 4.4&. 






EXERCISES 



(b) Scherbius 
machine. 



3. Find C interconnecting Figs. 4.3a, 4.36, and 4.4a into Fi- 4 5 

4. Let the transient impedance tensors Z and impressed'voltage vectors e of 
repulsion motor, a Sherbius advancer, and a transformer of Fig. 4.6 be 
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DIFFERENT TYPES OF TRANSFORMATIONS 



where p = d/dl, 1 = Heaviside unit function, and p9 = velocity of rotor. 

If the three systems are interconnected as shown in Fig. 4.7, what are Its transient 
Z' and e? 

5. If the impedance tensor of the triade tube of Fig. 4.8 is* 


e 



Fig. 4.7. Fig. 4.8. 



T.A.N., Chapter XV. 


Fig. 4.9. 





CHAPTER 5 


REACTANCE CALCULATION OF ARMATURE WINDINGS* 
Types of Reactances 

An a-c. armature winding has several types of reactances such as 

1. Total air-gap reactance due to all the fluxes produced by the 
winding. 

2. Fundamental reactance due to smusoidal part of the total flux. 

3. Differential-leakage reactance due to the difference of the above 
two fluxes. 

4. Harmonic reactance due to any of the space harmonic fluxes, such 
as third, fifth, eleventh, etc., harmonics. 

With standard methods the calculation of each of the above react- 
ances is time-consuming, and for irregular windings it is prohibitive. 
To find the fundamental reactance a Fourier analysis of the flux wave is 
required, for the total air-gap reactance a summation process, a differ- 
ent one for each type of winding, and so on. The tensorial method of 
attack makes a clean sweep of all these difficulties, no matter how irreg- 
ular the winding, as long as the air gap is assumed to be uniform. 

The Primitive Winding 

The steps are exactly the same as for any network : 

1. Remove all interconnections between the coils, leaving the “primi- 
tive” winding consisting of a large number of isolated coils. Each coil 
may embrace any number of slots and may have any number of turns. 
The slots may be unevenly spaced. 

2. Calculate the self and mutual reactances of the individual colls by 
the formulas given in Table I. 

With standard windings, equidistant coils have the same mutual in- 
ductances; hence usually half the reactances repeat themselves. For 
instance, for a six-coil winding the reactances between winding 1 and 
the other five coils are shown in Fig. 5.1a. 

The reactances of winding 2 with the other windings are the same, 
except that they are shifted by one element, as shown in Fig. 5.1b. 


T.A.N., Chapter XII. 



EEACTANCE CALCULATION OH ARMATURE WINDINGS 
TARLE I 

Mutual- Rkactan'ck F'oKMirLAS of Twf) Akiutkaky Coils 


total a 

R-6AP REACTANCE 

FH " ,..T' 

COILS OUTSIDE 

X oo • - kae ohms 


Pf=l 

COILS COUPLED 

Xoa* -k[aa'n(atp-2rl] ohms 

? r > 



COILS INSIDE 

• -K(aA-2rTe) ohms 

T i 

Vi ^ 


self-reactance 

Xaa- -K(a“'2na) Ohms 


1 SINUSOIDAL reactances | 

Its 

^ ■LEvZSr 

n-TH HARMONIC MUTUAL 

Xap* **<?i 2 *m lasin^P cosnY ohm* 


n-TH HARMONIC SELF 

Xaa’SK };j{sih§a')^ ohms 


. ^ 1 , , • 1 a ,0 • Sp&n Of coils in alectrical 

K-(2rrf)o.2NaNaL f ^ 10 ‘® radians 

“ 1 'y = Radieos bctwaen canters of 

N<j,Njj = No. Of turns in coils R = Radius of armature 

p=No. of 2 tt along armature A - Length of airgap 

f'Freguenoy of current L» Length of stacking in cm. 


Ui) 

4 

1 2 3 4 5 6 

R 

IfiiJ 

4 

1 2 3 4 5 6 

1 °-l 1 c M 1 1 b 1 

2lb|a|b|c|d|c| 

Fig. 5.1a. Mu- 

Fig. 5.15. Mu- 

tuals between 

tuals between 

winding one and 

winding two and 

others. 

others. 
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Hence, the reactance matrix Z of the primitive network with six coils 


1 2 3 4 5 6 



The manner of repetition of the first row should be noted. 

With a large number of coils, say 72, it is necessary to express Z as a 
compound matrix for easier manipulation. Even in terms of compound 
matrices the same pattern repeats. 


5.2 


Note the appearance of transposed matrices. 

(In calculating individual reactances, it is customary to assume the 
reactance of a single full-pitch coil as unity and express the reactance of 
all others in terms of that.) 

The Transformation Matrix 

Since the coils are practically always connected in series only (to 
form, say, three phases), there are as many new variables as there are 
windings. The C matrix can be established by simple inspection with- 
out writing down the set of current equations i = C-i'. For instance, 
for the capacitor motor winding with sixteen coils (Fig. 5.2) where the 
pitch of each coil is different, C is 

The reactance Z' of the resultant winding is found by the formula 

r = CrZ-C 5.3 


A 

B 

Bt 


A 

B 

B 

Bi 

A 






I'lG. S.2. Capacitor motor \vin<lmg and its <mne<'tion matrix. 


giving the self and rmitual reactances of the various windings. It 
should be calculated with the aid of compound matrices. 

Labor-Saving Devices 

Because of the simplicity of the connections, numerous labor-.saving 
devices may be used. For instance: 

1. The resultant V should be found in several steps instead of one, 
namely: (a) first interconnect only neighboring coils by Ci; (Ij) then 
interconnect them into phases by C^; (r) in case of doul )le windings, the 
phases may be interconnected in various manners. I-'or them establish 
a separate C.-j. 

2. The neighboring coils may be interconnecied without going 
through the process of C/-Z-C as follows. 

If Z is subdivided into compf)und matrices as siigg(.-s1ed by the neigh- 
boring coils, then the new Z' is found by simifiy adding up the elements 

jTJ^jnj'^jpsjfCLFj 
I H H 3Z 

Fig, 5.3. Interronnerr- 
ing r.eighlioring coils 
only. 

of each compound matrix. For instance, in the case of eiglit eoils, let 
two neighboring coils be interconnected as shown in h'ig. 5..^. 
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1234S678 



I II III IV 



5 = 2c + b + d 
C = 2e 2d 


5.4 


After the neighboring coils only have been interconnected, the new 
Z' has half the number of rows as before. The new components are 
found by adding all the elements within a block. Note that the pattern 
in Z' still repeats. 

After this step, the coils may be interconnected into phases by a C. 


EXERCISES 


1. Find C for the double winding for a turboalternator with 42 coils, Fig. 5.4, and 
express it as a compound tensor. 

42 414059383736353435Sa31 302928272625242322 212019 18 17 16 151413 12 11 10 9 8 7 6 5 4 3 2 I 



he: IZIY El 

Fig. 5.4. 

2. When the resultant Z' of the above six windings are 


I n iiiiv V VI 

I 

n 

z' = m 

IV 
V 
VI 
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-C 

- c‘ 



C' 

C’ 



Fig. 5.2. Ctiparilor motor winding and its connection matrix. 


giving the selj and mutual reactance.^ of the various windings. It 
should be calculated with the aid of compound matrices. 


Labor-Saving Devices 

Because of the simplicity of the connect i^ms, numerous lalior-saving 
devices may be used. For instance: 

1. The resultant Z' should be found in several stei)s instead of one, 
namely; {a) first interconnect only neighboring coils l>y Cj; (b) then 
interconnect them into phases by C^; U ) in case of double windings, the 
phases may lie interconnected in various manners. I'or them establish 
a separate C:j. 

2. The neighboring coils may be interconnected without going 
through the procc.ss of C/-Z-C as follows. 

If Z is subdivided into comjiound matrices as suggested by the neigh- 
boring coils, then the new Z' is found by simply adding up tlie elements 


J IT IE * 

Fig. 5.3. Interconnerl- 
ing neighhoring coils 
only. 


of each compound matrix. For instance, in the case r>f eight <-oils, let 
two neighlioring coils be interconnected as shown in i'hg. .S.3. 




CHAPTER 6 


THE LAWS OF TRANSFORMATION* 

Definition, of a “Tensor” 

(a) When a network with n meshes is given, instead of saying that 

the network has 7i currents, and n voltages, • Cn, 

and impedances, Zaa, Zab ■ • ■ Zan, it is said that the network has only 
one current i, one voltage e, and one impedance Z, while the individual 
currents, voltages, and impedances are simply elements of the matrices 
i, e, and Z. 

Suppose that instead of one w-raesh network, there are a large number 
of w-mesh networks, each containing the same coils but interconnected 
in a different manner. W'ith each network there is associated at least 
one i, e, and Z matrix (with each network there are actually associated 
a large number of i, e, and Z matrices, depending upon where the cur- 
rents are assumed to flow). 

Now instead of saying that there are as many current-matrices i', 
i", i'" ■ • • as there are networks, it is said that there exists only one 
physical entity, a current vector i, whose projections along the various 
reference frames are the various 1-matrices. 

(b) This figure of speech is analogous to the statement that the 
velocity vector v of a point is the 1-matrix 


v' = 

2 

3 

3 

along one reference frame, a different matrix 

v" = 

F 

2.5 

0 


along another frame. Even though the projections vary with the 
reference frame assumed, the entity v itself is unchanged. 

The key to this definition is the fact that it is possible to find the com- 
ponents of V {or i) in a7ty ref erence frame from the components on another 
frame with the aid of a group of transformation matrices 0 by a definite 
formula. 


T.A.N., Chapter VII. 
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If the pjroup of C is not available, the different ?i-matrices cannot be 
changed into each other, are independent from each other, and hence 
do not form the projections of a single physical entity. A similar state- 
ment applies to all e and Z matrices. 

Hence a collection of n-way matrices forms a physical entity, a “tensor 
of valence n” if with the aid of a group of transformation matrices C they 
can be changed into one another. 

(c) A '‘tensor of valence 1” like e and i frepre.sented on each refer- 
ence frame by a I-matri.s;) is called a “vector.” A “tensor of valence 0” 
like power (P) and energy (T) is called a “scalar.” 'Fensors of other 
valence have no special names. Z is then a “tensor of valence 2,” the 
so-called “impedance tensor.” 

(d) A tensor is transformed with the aid of as many C (or Ce or C~^ 
or C/~^) as its valence. Hence e and i reejuire one C, Z requires two 
C’s, P requires no C’s. Because of this “chemical” ])roperty of a tensor 
of attracting a different number of C’s, the e.xpression “tensor of 
valence w” originated. Many wTiters, though, still call it “tensor of 
rank n.” 

It is often said that a tensor is a matrix with a definite law of trans- 
formation. Actually a tensor is a physical entity, and its projections 
are the n-wixy matrices. A tensor differs from a matrix in the same 
manner as a vector of conventional vector analysis differs from a com- 
plex numljer 2 -f 3j. 

I Why “Tensors”? 

(a) The question now arises: Why is it necessary tfj say that the 
e, i, Z, etc., matrices of all systems with n coils are only different 
aspects of the physical entities e, i, Z? What is the advantage of this 
figure of speech from a practical point of view? 

When it is said that the matrices of a particukir system are tensors, 
it automatically follows that all equations associated with this system are 
'exactly the same in terms of tensors as the equations of a group of physically 
analogous systems. If the equation of voltage of one system has been 
found to be, say, e = R-i -j- L*^i -f- (l/pC;-i, then if the symbols are 
tensors, it automatically follows that the equations (4 voltage of every 
other physically analogous system is exactly the same. If the equation, 
of torque of one system has been found to lie / = i-G-i, then for every 
other analogous system the .same eciuation of torriue hrjlds true auto- 
matically. (Of course, for every system the components of the tensors 
are different.) On the other hand, if the symbols in the equation of 
/ = i*G*i are matrices (that is, if they have not been proved to be 
tensors), then this equation is not valid for a ny other system except for the 
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one for which it has been established and every particular system may 
have an entirely different equation of torque in terms of matrices. 

ih) What if the equations of a large number of different systems are 
identical in terms of tensors? Does that fact contribute to simplify the 
analysis of the large variety of engineering structures? 

Yes, it does; and it is just this resulting simplification that underlies 
the method of reasoning of this treatise. It is advocated here that : 

1. Since the equations in terms of tensors are the same for a large 
number of physically analogous systems, it seems logical that only one 
of them need be analyzed in detail. Hence select one system whose 
analysis is simple and establish all thetensors of this system (the “primi- 
tive” system) and the desired equation of performance in terms of 
tensors. 

2. To find the tensors of any particular system it is then only neces- 
sary to find the particular transformation matrix; C (one aspect of the 
“transformation tensor” C) that differentiates the given system from 
the primitive system. 

3. Once C is found, the tensors of the given system can be estab- 
lished by routine laws of transformation. 

4. When the components of the tensors of the given system have 
been found, the sought equation of performance is a copy of that of the 
primitive system. 

(c) Of course it is possible to go through the above steps without 
mentioning the word “tensor,” just talking about the “Z matrix of 
the old system” and “Z matrix of the new system,” the “transforma- 
tion matrix C” and the “law of transformation of Z,” etc. Neverthe- 
less, the method of reasoning is that of tensor analysis, whether it is so 
stated or riot. A matrix has no inherent law of transformation; a tensor 
has such a law. 

Behind the above reasoning looms the all-important question: What 
is meant by “physically analogous systems” that have the same equa- 
tions of performance? That is, what systems have a common C 
tensor? This question brings into the foreground the concept of group 
that was treated in “Tensor Analysis of Netw-orks,” Chapter XI. 

(d) The above-mentioned problem of establishing equations of per- 
formance in a simple manner is only one of the numerous examples that 
show the utility of tensorial concepts. Since mathematical symbols 
cannot be measured by instruments, only physical entities, the ques- 
tion of w'hat mathematical symbols in the equations do or do not cor- 
respond to measurable quantities underlies the foundations of all 
physical sciences. The word “tensor” is just another expression for 
“measurable physical entity,” and tensor analysis changes the symbols 
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of a Hfokss mathematical eciuation info livinii entities. Its concepts 
and i)hi!osoi)liy show, for instance, Ikjw to «-stahlish stationary equiva- 
lent networks that duplicate in some manner the performance of rotat- 
ing machinery, thereby tillowing otherwise ditiicnlt measurements to 
!)(' made conveniently on a stationary network. I'he general criterion 
fd whether an e<!uation contains only measurable c(»ncept;s is implied in 
the btisic principle of physics (the so-c-alled first principle of relativity) 
stating that all Jaws of nature are tensor exiuations, that is, equations in 
which each symbol is a tensor. 


The Law of Transformation of e 

The law of transformation of the voltage vector e may he found from 
the physical fact that in going from one referemv frame to another /fe 
instanUmeons power input e-i (a linear form) remains unchanged, or 
'^invariant." That is 

p = p' or e-i = e'-i' 6.1 


This relation is the physical link that connects all networks together. 
Now let the currents change from i to i' hy 


Substituting, 
Cancelling i' 
Hence 

and 


r"'l 

e-C-i' = e'*i' 
e-C = e' 


Cre 


6.2 


6.3 

6.4 


It .should lie noted that, even though both e and i arc vectors, they 
are transformed to a new reference frame in a dilferent manner. But 
both being tensors of valence 1, they re(|uire C once only. 


The Law of Transformation of Z 

Tensor analysis requires that if the equation of a system in one refer- 
ence frame has the form e = Z-i it .should have the same form in every 
other frame. This property will give the law of Iransfonnation of Z. 
In the old reference frame let 

[e = Z-i 


6.5 
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Express i and e along the new reference frame. That is, replace i by 
C‘i' and e by 

cr^.e' = Z-C-T 

Multiplying both sides by 

q' = Ci*Z’C*i^ 

If the following definition is introduced as the law of transformation 
ofZ 

CrZ-C = Z' 6.6 


then the equation in the new reference. frame becomes 


e' = Z'-i' 6.7 


The equation of the new system is of the same form as that of the old 
system, equation 6.5. 

The inverse of Z, namely Z“^, may be denoted by a separate symbol 
Y so that i = Z“^*e = Y*e. It is called the “admittance tensor.” 
Its law of transformation is (derived analogously to that of Z) 

Y' = C-i‘Y.Cr' 6.8 


The Transformation Tensor C 

The collection of all possible transformation matrices, called the 
“transformation tensor C,” is the key to tensor analysis. It is a tensor 
of valence 2. (Its law of transformation will be derived presently.) 
C represents the relation between the old and the new reference frames. 
Because of that fact C differs from Z in the respect that, while on both 
sides of Z the same reference axes are written (either both are the old 
or both the new axes), on the left-hand side of C are always written 
the old axes, on its upper part the new axes. 

When coils, beams, wheels, etc., are connected into an engineering 
structure, the constrained reference axes are ignored; hence in most 
problems C is not square, but rectangular. A study of the missing 
axes (the “dual” axes) is undertaken in T.A.N., Chapters XIV and 
XVI. 

When C is not square (or it is square but its determinant is zero), its 
inverse cannot be found. Then C is singular and the corresponding 
transformation is called “singular” transformation. All laws of trans- 
formation that do not require remain valid, however. 
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The “Group” Property 

If the variables have been chaiv^ed from i fo i' by Cj, then from i' to 
i“ by Co, then astain from i" to i'" by C.-,, etc-., the sueeessive transfor- 
mations may be iK.;rf()rmefl in one stej) witli the* aid of one transfor- 
mation tensor 

C = Cl ‘Cw-C.-j - • ■ 59 

Thi.s important property of C is called the “.uroup property.” Prac- 
tically all en.i'ineerinii problems consist of two or more successive 
transformations such as: 

1. Interconnect coils into a network by Cj. 

2. Neslect magnet i/,In}>: enrrent by Ci*. 

3. Introduce symmet riail component by C.-j. 

The Law of Transformation of C 

Let two reference frames be given, an<l let Co transform to r as 
i‘ = C^i- 6.10 

Now let two other reference frames be introduced, and let lie changed 
to i'^ by = C;j‘i'^ (to that of system .It and i” to in- r = C.i-i'b The 
question now is how to find Ci changing i’* to ib 
Substitute and i“ into e<}uation 6.10. 

Ci-r* = CN(Cl-i‘; 

Multiplying both sides by the inverse of Cj 

= (Ci/-.C^CM‘ 

Writing it as = C:^i^ it follows that 

6.11 

Hence, in transforming a C, two other C’s are needed (not one) and 
the inverse of one has to be known. 

The Number of Meshes in a Networkf 
A network may consist of several Independent “subnet works” ( 5 in 
number) wdth no physical connections between them. 

* r.A.N., Chapter XL 
t T.A.N., p. 72 and Chapters XIV-XVI. 
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A network consists of two component parts: (1) coils (C in number) ; 
(2) junctions (/in number). 

(Two junctions connected, where the two ends of a coil meet, by an 
impedanceless wire form only one junction.) 

The minimum number of closed circuits, or meshes {M in number), 
is found by the formula 

JIT = C - (/ - S) 6.12 

In Fig. 6.1 there are: (1) two subnetworks; (2) seven coils; (3) four 
junctions. 



Fig. 6.1. 


Hence the number of meshes is 

M = 7 - (4 - 2) = 5 

The number J — S (number of junctions minus number of subnet- 
works) is an important concept called the number of “junction pairs” 
(P in number). In terms of them 


C = M -f- P 


6.13 


Number of coils = number of meshes + number of junction pairs 
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Two Examples of Equations of Constraint 

Rardy arc the rhanfics from old to new currents stated in a clear-cut 
manner as i = C*i'. In nniny cases the dislinciion between the old 
and new currents (variul)les! is hidden and their separation is made by 
the creation of two physical systems (actually e^istinj^ or hypothetical) 
to which the two sets of variables may be attributed. 

(a) A relation between currents (or the variables) is 
called an “e{|uat ion of constraint." I'or in.stance, Kirch- 
holT’s first law (l-'i^o 7.1 }, “tlie sunt of the currents enter- 
ing a junction is zero,” 



f -b + f -f- - f) 


7.1 


represents such an cr[uation since it puts a constraint upon the values 
that the currents may assume. 

If a network has u junctions, the number of such ecpiations (com- 
pletely representing the interconnections) is u - 1. 

That is, the manner oj interconnection of a set of C coils into .17 meshes 
and J junctions may he represented in tseo different ways: ( 1 1 with the aid 
of the C equations of transformations i = C-i' representing a transfor- 
mation from an unconstrained (the “primitive”; network to the given 
(constrained) network; (2) or with the aid of F “ctiuations of con- 
straint” B-i = 0 between the branch currents of 
the given network, (jr lietween the currents of the 
un coirstrai ned network. 

These two manners of expression are equivalent, 
and one can be changed into the other, us will be 
shown presently. 

(b) Another e.xample, where an eipiation of con- 
straint B-i = 0 is set up between the currents of the uncamstrained 
network, Is a transformer network (Fig. 7.2; where it is customary to 
neglect the magnetizing current by assuming that the sum of the 
m.m.f.’s around the closed magnetic circuit is zenj. 

+ nj' + -r n,ii'^ = 0 
46 



7.2 
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(jia is the number of turns of coil a.) This is also an equation of con- 
straint between the currents of the unconstrained network. 

As many such equations may be written as there are closed magnetic 
circuits in the system. They also can be changed to the alternative 
form i = C -i'. This change is equivalent to the statement that i flows 
in the unconstrained network and i' flows in 
a constrained network (which is not yet 
known) . 

The problem now is how to express an (a) Primitive network, 
equation B-i = Oor B-i' = 0 as i = C-i'. 

The purpose of establishing a C is to make it 
possible to transform the equation of the uncon- 
strained network, say e = Z-i, to that of the 
constrained network e' = Z'-i' ^ the routine 
laws of tensor analysis. 

Constraints as “Transformations” , 

network. 

(a) Suppose that a primitive network of Fig, 7.3. 

five coils is given (Fig. 7.3a) having five inde- 
pendent currents, Each current may assume any value it 

pleases, and the system is unconstrained. 

The effect of interconnecting the same coils into the network of Fig. 
7.3i> is to prevent the currents in the coils from assuming any value 
they please. Kirchhoff’s first law introduces 4 — 1 = 3 constraints 
(where 4 is the number of junctions) between the branch currents, 
namely: 

The constraint of junction A is -h i^' — = 0 

“ “ “ “ 5 = 0 7.3 

“ “ “ “ c “ i^' - i°-' - r = 0 


A 



(b) Interconnected 


0 0 0 0 0 


In terms of matrices these equations can be written as a matric equation 


B*i' = 0, where 

a' b' c' d' f 



7.4 


It should be expressly noted that in the primitive network unprimed 
currents flow, while in the interconnected network primed currents 
flow. 
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(&) The abfivc e(iuati()n!S state that the (■urrents in the coils depend 
upon each other, l.et their relations he stated in a slightly different 
form. Let each etiuation state that one of the currents depends upon the 
others, by carrying all but one of the currents to the right-hand side of 
each equation 

= r + i>'' 

if = - r 7.5 

i'-' = /' — i"-' z= — f’’ — j'*' 

Altogether there are here three “dependent” currents {f, and f, 
each depending upon the other two only. The fact that the remaining 
two currents i"' and i'‘' remain independent may be e.spressed by the 
two equations of independence 

,/ }, 7-6 

■i!'' = 

Hence, the actual five branch currents f"', A', and if maybe 

expressed in terms of the two independent branch currents and i*'' by 
the equation ii = C'*i 2 . 



(c) The set of equations 7.7 represents a relation hcl ween all the cur- 
rents (dependent and independent; flowing in the individual coils and 
between the two mdependent currents. The C' matrix has e.xactly the 
same form as when the left-hand currents r^iresent another set of 
independent currents i^ • ■ ■ i^ flowing in the S^^meshes of the primitive 
network of Fig. 7.3a (that is, in the unconstrained system;. Hence 
when the primes are removed on the left-hand side to change q = 
C'-io into i = C-i', an unconstrained primitive system is automatically 
introduced, whose equation of performance is easy to establish. 
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The difference between C and C' should be noted. Although both 
have the same components, the left-hand indices in C' are primed (re- 
ferring to the branches of the interconnected network) while in C they 
are unprimed (referring to the meshes of the primitive network). 

It should be noted that the primitive network with six meshes, the un- 
constrained, system, possesses a set of six differential equations e = Z-i 
zvith six independent variables, that are to be transformed with the aid 
of C to the two equations e' = Z'-i' of the constrained network. When, 
however, the six currents i°‘' • • ■ are considered branch currents and 
are partly dependent and partly independent, there cannot be associ- 
ated with them a set of six differential equations e = Z - i with six inde- 
pendent variables.* 

(d) Hence, in interconnecting individual coils into networks, the trans- 
formation i = Cd' may also he looked upon as a relation ii = C'*i 2 
between the branch currents. It consists of twm sets of equations: (1) the 
P equations of constraint B - i = 0 rearranged so that only independent 
currents occur on the right-hand side; (2) as many equations of inde- 
pendence as there are independent or “new” variables (some of these 
independent variables may change signs, of course), namely M. 

When, however, not individual coils but whole networks are intercon- 
nected into larger networks, the above simple relation does not hold true 
and the C tensor cannot be said to represent a relation between the branch 
currents. 

Of course it is easier to establish C (representing the interconnection 
of coils) without the intermediary step of equations of constraint, but 
cases will be encountered (such as the method of symmetrical compo- 
nents) where the interconnection of coils should at first be represented 
in the form of equations of constraint instead of i = C-i', 

Steps in Expressing B'i = Oasi = C-i' 

Hence, a set of equations of constraint B*i = 0 may be expressed as 
i = C-i' by the following steps: 

1. In each equation of constraint express one (any one) of the cur- 
rents in terms of the others (that is, carry one of the currents to the left- 
hand side, all the others to the right-hand side of the equation). This 

It is shown in T.A.N., Chapter XVI, that, if the network is looked upon as an 
“orthogonal" network with an equation of performance e -f- E = z- (i + IJ, then the 
currents in the coils of the primitive network ■ -d are numerically eriual to the 
currents - ■ -V in the coils of the given network. That is, when the “dual” axes 
are also considered, then the branches do pos.sess the same set of equations that the 
primitive system does. That set, however, is not e = z-i but e E = z - (i -f- 1). 
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step cleiines as many “dependent" currents as there are equations of 
constraint. 

2. By sul)stitiition, adjust the equation wj that on tlie right-hand side 
only the independent currents occur. 

These two steps give as many eciuation.s of the needed i = C-i'as 
there are eciuations of constraint available. Or rather, they still are 
the equations of constraint but rearranged in a more suitable form. 

3. Equate to themselves the independent currrens. This step gives 
the remaining ecpuitions of i = C-i'. 

4. If the primes are remcn-ed, the collection of the two sets of equa- 
tions (the rearranged eciuations of c'on.straint and the ecjuations of 
independence) is the rcriuired i = C-i', setting up a relation between 
the equations of the unconstrained and the cciiistrained .system. 


Example of Changing B*i =0 to i ~ C*i' 

(fl) For instance, in the case of two transformers (I'ig. 7.4j, let the 
ecjuations of constraint Bd = 0 repivsent the assumption that the 
sum of tlie m.m.f.’s around each (‘lo.sed mag- 
netic circuit (the so-callc'd “magnetizing" cur- 
rents i”') is zero. That is, let 


Tf 

•pfcr 




Fio. 7.4. 


d" = i’" = 0 
nj"' + n,ii'^ + w = t" = 0 


7.8 


1. Hiere are live currents i!', F, and 
i^. Assume arbitrarily that f" and F are dependent currents (hence 
and are independent.; 

.-a 


7.9 


2. There is no need to readjust the equations since on the right-hand 
side cmly the indepeiicJent currents occur. 

3. Equating the independent currents to each other 

i'f = i!i if = if 7.10 


4. By placing primes to the currents on the riglit-hand side, the five 
independent currents are changed to three dependent currents by i = 


C-E. 
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= - {ndjn^f 

f 

i^ = 



b' , 

d' 

r 

a 

—nh/Ha 



b 

1 



{nf/nf)i^’ c = c 


— Tldlne 

—njlm 

d 


1 


i^' f 



1 


7.11 


(&) Putting primes to the currents on the right-hand side is equiva- 
lent to introducing a hypothetical network, the "constrained” network 
in which the independent currents i' flow, just as in removing the 
primes from the currents on the left-hand side of equation 7.7 was 
equivalent to introducing a hypothetical network, the “unconstrained” 
primitive network, in which i flows. The removal or addition of primes 
introduces a new set of variables and thereby it signifies the creation of a new 
network. 

The creation of two networks with primed and unprimed variables is 
equivalent to the creation of two sets of equations e = Z-i and e' = Z'*!' 
that may now be transformed into each other with the aid of C. 

(c) These new currents i^', and i^' are not equal to the actual 
currents flowing in coils Zbi, and Z/j but are only approxima- 
tions to them. They are hypothetical currents, the so-called "load” 
currents. 

It is possible to say that: (1) Before neglecting the magnetizing cur- 
rents, the reference frame of the unconstrained system consists of the 
five meshes a, b, c, d, and f; (2) after neglecting the magnetizing cur- 
rent, the reference frame of the constrained system consists of three 
meshes only, b', d', and t'. 

Steps in Expressing i = C-i' as B-i = 0 

(a) The reverse problem sometimes arises, to establish the equation 
of constraint B-i = 0 if i = C-i' is known. In simple cases it is only 
a question of picking out and removing the "equations of independ- 
ence.” Hence: 

1. Denote the new currents, using the prime convention. 

2. Pick out the equations of independence such as i"' = , i^ — , 

etc. 

3. If one of the equations of independence has the form 
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this necessitates multiplying every term in the column f by ~l, 
step reverses the direction of In agree with i’’.) 

4. The remaining efiuations are the ef(iiations of constraint If 
needed, they may he Iiroughf to the form B-i = 0 or B-i' = 0. 

{h) Expressed in another \v:ty, B is found from C as follows; 

1. Rearrange C as a compound tensor 



7.12 


(where I is the unit tensor) by writing first the efiuations of independ- 
ence. 

2. Subtract I, where I has as nniny rows as C has, so that 


Hence 


B = C - I 


I 



I i 


i 

C' 



1 1 

-■ 

C' i 


B = C' - I 


EXERCISES 


7.13 

7.14 


7.15 


1. What are t he eiiual ions of constraint B-i " Oofh'iv,. 7..S? 

2. CliuiigeB-i ~ Otoi = C«i'. 





I’k;. 7.5. Fi,.. 7,0. 


3. What is the erjualion of constraint of the ri\X'--.vin(liii '4 transformer of h'ig. 7.6? 

4. Set up i = Co' for Fii;. 7.6 that ncgltil- tin; :ii.i;.;ueliziiig rurreiit. 
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URBALARCED MULTIWINDING TRANSFORMERS* 

The Method of Analysis 

The analysis of multiwinding transformers differs in tw'O respects 
from that of the circuits hitherto considered. 

1. Since the magnetizing current in each closed magnetic circuit may 
be neglected, the number of new variables i' in such cases is less than 
the number of meshes by as many as there are closed magnetic circuits. 
That is, the actual mesh network is replaced by a hypothetical network 
with fewer meshes. 

2. In place of the large number of usual self and mutual reactances, 
hypothetical "bucking” reactances are generally used, whose number 
is less. That is, the actual coils are replaced by hypothetical coils pos- 
sessing different types of self and mutual inductances. 

3. In balanced three-phase systems the number of variables may be 
reduced to a third of those in the unbalanced case. 

Successive Transformations Ci‘C 2 
The analysis automatically divides into two steps. 

1. The step of interconnecting the coils is represented by Ci. That 
is, first establish i = Ci*i'. 

2. The step of neglecting the magnetizing current is represented by 
C 2 . That is, establish i' = CaT". 

Their product 

C = Ci.C2 8.1 

performs the two analytical operations in one step, changing i to i^' 
by i = C-i", so that Z' = Cj-Z*C, etc., gives the final results. 

The Steps to Establish C 2 

In establishing C 2 (after Ci has already been found), the following 
steps are performed. 

1. Set up the equations of constraint B*i = 0 of the magnetic circuit 
before the coils are interconnected, since in that case the equations are 
easily written. 

* T.A.N., p. 280. 

53 



54 


UN II ALA XCED M ULTIW'I X DI N'G TRAX SFORMERS 


2. Replace in these equations ^vith the aid of the already established 
i = Cl -i' the currents of the primitive network with the currents of the 
actual network liy simple substitution or by B' = B*C. This step 
gives the equations of constraint B'-i' ^ 0 in terms of the currents of 
the actual network. 

3. Express these eciuations of constraint as V = Co -i" by the standard 
steps, giving Co. 


Example of a Load-Ratio Control System 

As an example, let the C of Fig. 8.1/.' lie established (a lf)ad-ratio con- 
trol system with regulating unit; where one three-winding and two two- 



fa) Primitive system. {hi Intcrconnccteil system. 

Fin. 8.1. Load-ratio cont rol. 


winding transformers, also a lotid, arc interconnected into a four-mesh 
network. 

Its primitive network, shown in I'ig. 8.1u, has eight meshes and eight 
currents the given network lias four meshes and four inde- 

pendent current.s , i"', i'‘'. 

1. Equating the old currents and new currents flrnving in each coil, 
the equations i = Ci-i' are 

a' b' c' d' 






EXAMPLE OF A LOAD-RATIO CONTROL SYSTEM 


The coefficients of the new currents give Ci that changes eight variables 
into four variables. 

If the magnetizing currents are not to be neglected, then CirZ-Ci 
would give Z', and so on. 

2. Neglecting the magnetizing currents of the three transformers 
before the coils are interconnected (Fig. 8.1a), the three equations ol 
constraint B-i are in terms of i (in terms of five old currents). 

+ nbi^ -f nci‘ = 0 

+ riji^ = 0 8.3 

ngi^ + niJf — 0 

3. Replacing the old currents by the new currents with the aid of 
equation 8.2 (that is, replacing i"^ by —f"', etc.) or by B*Ci = B', the 
three equations of constraint B'-i' = o in terms of i' (in terms of four 
new currents) are 

riaff'' + niJf' + 7ici’^' — 0 

— nd^' — = 0 8.4 

Tigi^' 4 - = 0 

4. Three of the currents, say -i"', ff', and , may be expressed in 
terms of the remaining fourth current as 



nd, 



8.6 
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Now three of the currents are expressed in terms of the fourth cur- 
rent. 

5. Equating the remaining current N' with itself, the three equations 
of cfmstraint, erpiation 8.6, may he expressed as a transformation i' = 
C 2 ‘i" Ijctween the actual network with currents i' and a hypothetical 
network with currents i" 


d" 



C 2 changes four variables into one variable, f fence, the effect of 
neglecting magnetising currents is to reduce the number of variables 
by as many as there are closed magnetic circuits. 

6. The prcjduct of and Co is 



C changes ei^ht variables into one variable. 

If Z of the primitive network (Fig. 8.1u,) is given in terms of ndHc/ re- 
actances, also e, then V = CrZ-C, e' = Cre, i' = The cur- 

rents in the Individual coils arc b = C-i' and diiTercnces of potentials 
Be = Z-C-i'. The load losses (not including the exciting loss) are the 
real part of = i'*-Z'-i' or the rc:d part (d C ■Z-i,., (See equation 

9.1.) In place of actual reactances, however, it is customary to use a 
new type of reactance, the so-called bucking rea(’tance. 








BUCKING REACTANCE 
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Bucking Reactance 

(a) Let Z of a two-winding transformer be 
1 2 



If the magnetizing current is neglected, then 

i 



It should be noted that the original Z contains four different con- 
stants, while Z' contains only one, namely Zi_2. 

(b) The question arises: Instead of using four constants in the 
original Z, may it not be possible to use the single constant Zi_2 as the 
component of Z, so that after the elimination of the magnetizing current 
Z' still has the same form as before? 

By trial and error it is found that if Z is written as 


1 2 



in that case Z' = CfZ-C = Z'i_2- 
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The impedance 


1 }U . 1 

-^1-2 = ~ -^1-2 ~ 9 ^0W2(-I1 — ’ 2^12 -f S22) 

1 }l\ I 


8.12 


is to be called the “unreferrcd buckini; impedance” since it is not 
referred to any reference winding. In general, 


2 ?/i«i 


8.13 


if a third winding is the reference winding in defining 

(c) In the primitive three-winding transformer it is tigain found that 
if the unreferred bucking iini)edanc‘es are arranged in the form of a 
matrix with zero diagonals, as 



1 

2 

3 

1 

0 

Zi » 

Zi 3 

Z = 2 

Z ,-2 

(} 


3 

Zi..r, 


fJ 


8.14 


then the same answer is found after the magnetizing current is elimi- 
nated as when the usual self and mutual inipedanc-es are used. 

(d) This process rif replacing actual impedances by bucking imped- 
ance.s i.s equivalent to introducing hypotheiiral coils whose self-imped- 
ance is zero, but whose mutual impedances are the unreferred bucking 
impedances. 

The method of eslahlishing Ci and Co and the calculation of currents, 
etc., remain imchanged zohether “actual" or “unreferred buckhig" imped- 
ances are used. 

Transformation to Change to Zi-o 

(a) In multiwinding transformers usually the bucking impedances 
Zn-m referred to a particular winding are known. In that case, in Z 
of the primitive transformer, the given may be still arranged as 
the 

1 2 3 


0 

z'l-., 

Z'i-3 

ZT.3 


f) 



f) 


Zo = 2 


8.15 
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but then a transformation tensor Cq has to be established that changes 
the referred to unreferred bucking impedances. This Cq has the form 
(when winding 1 is the reference winding) 


1 2 3 


niln-x 




nilnx 




nzinx 


SO that Coi*Zo-Co represents a Z containing only Zn~m, namely, equa- 
tion 8.14. 

{b) Instead of establishing first CorZo-Co, it is possible to start with 
Zo, then employ 

C = Co-Ci-C2 ‘ 8.17 

to find Z' where; 

1. Co changes the referred to unreferred bucking impedances (that 
is, it changes Zq to Z). 

2. Cl interconnects coils. 

3. C 2 neglects magnetizing currents. 

Z' = Cj-Zo-C gives the so-called load mutual impedances expressed in 
terms of bucking impedances. 

(c) In finding e' = C^e of the transformation, C is still defined as 
C = Ci-C 2 since Cq is used only to bring Z to its correct form. 

(d) The load losses may be found by or by if -Zdc. Not only 
the currents but also the losses are the same whether standard self and 
mutual Impedances or bucking impedances are used in Z of the primi- 
tive system. 

(e) When the coils of a multiwinding transformer are not intercon- 
nected, Cl becomes a unit tensor. The above formulas without any 
change give the "load mutual impedances,” etc., of the transformer. 

(/) ,In practical work the leakage impedances Zj_i, are given in “per 
unit. In that case all windings are assumed to have the same number of 
turns (ki = ^2 = = 1) and Cq degenerates into a scalar — 

Short-Circuit Calculation of a Four-Winding Transformer* 

Find the currents in a four- winding transformer when the second 
winding is short-circuited and the voltages on the other windings are 

* Blumc, Transformer Engineering, John Wiloy & .Sons. 
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maintained. The per unit unreferred bucking reactances of the four 
coils are given as 






1 

2 

3 4 

Zi_2 = .2^2— 1 

= 3.95 per cent 

1 


0.0395 

0 . 133 10.23 

2r_3 = Z3_i 

= 13.3 

per cent ^ 

2 

0.0395 


0.106 0.19 

2i_4 = 24_i 

= 23 

per cent 

3 

0.133 

0.106 

0.087 

^2-3 = -^3-2 

= 10.6 

per cent 

4 

0.23 

0.19 

0.087 

zfo— 4 ~ -^4—2 

= 19 

per cent 


1 

2 

3 4 

Z3_4 = Z.i_3 

= 8.7 

per cent 


= .[7 

0 

1 1 


If the magnetizing current in winding 4 is neglected,’ than 



Co = ” i; Cl = I; C 2 == C — Co*Ci*C 2 8.19 



From ic = C-i', i* = 1.02. 


Load-Ratio Control System 

If in the load-ratio control system, Fig. 8.1a, Z is given in terms of 
unreferred bucking impedances, then 
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b c d f g h k 



Za-b 

Za-o 






Za-b 


Zb—c 






Za-c 

Zb-c 











Zd-f 







Zd-f 











Zg—ji 







Zg-h 










Zkk 


Because of the smaller number of constants (six instead of thirteen) and 
the greater number of zero terras, the calculation and the results are 
simpler. 

C is given in equation 8 • 8. 


d" 


IZa-bNlNi - 1 - IZa-cNl + 2Zb-oN2 ^ 

+ 2Zi.fr^zNz -I- 2Zg_AiV3 + Zuk 



d" 


i' = Z'-Le 


Nie 

Z' 



8.23 


The currents flowing in each coil are 



a 

b 

c 

d 

f 

g 

h 

k 

= C-i' = 



■d" 



ivV" 

j(i'' 

.jcL" 


The differences of potential appearing across each of the eight coils is 

z-c-r = e« = 


a 

b 

C 

d 

f 

g 

h 

k 

{Za-bNz 

{Za-bN, 

(Za-cN, 






+ 

r 

+ Zb^a) 
■d" 

+ Zb-,) 

jd" 

-Zd-fNsi^" 

-Zd-fNzi^” 

Zg-ki'^" 

Zg-uNzi'‘" 

Zkki^^" 
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TABLE 11 

Ukhalancki) Tkanskokmkk Gonnicctions and Their 

'J'k AN ^l■ ( IKM ATIC IN M AT l< K:i-:S 


First colunni — Ci shows interconnection of coils. 
Second column— C 2 nctjlects magnetizing currents. 
Third ajlunin — C represents their resultant. 



SCOTT connection 34-*2() 
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EXERCISES 

1. Find Cl, C 2 , and C for the forked auto-transformer of Fig. 8.2. 

2. Find its Z' in terms of bucking impedances Za-b, etc. 

3. With an impressed voltage as shown, what are the differences of potentials 



Fig. 8.2. Fig. 8.3. 


appearing across each coil of the forked auto-transformer? 

4. Find Cl, C2, and C for the two tee-tee connected single-phase transformers supply- 
ing an unbalanced three-phase load, as shown in Fig. 8.3. 

5. Check Cl, C2, and C and find Z, i, and eo of the transformers shown in Table II. 
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THE METHOD OF SYMMETRICAL COMPONENTS * 


Conjugate Tensors 

The method of symmetrical components introduces a group of trans- 
formations C wiiose conipiaients contain complex numhers. For that 
case the rules of tensor analysis assume a more general form. 

(a) The conjugate of a comj)le.x number A - a -j- jb Is a ~ jb and 
is denoted l)y an asterisk as A *. 

The conjugate of an ?Mnatrix Z is denoted hy Z* and is found by 
taking the conjugate of each of its elements. 


2 - .1/ 

0 1 

•V 

5 ! -3 - 2j 

-j 

! ./ 1 0 


2 + 

0 i 2 
!. 

5 i -.1 + 2i 


j 



The conjugate of a tensf)r of valence » A is A* and It is found by 
taking the cmijugute of its ?/-niatrices in every rejeroiec frame. 

{h} The following three rules should be noted 

1. = A 

2. CA-Bj* = A*-B* 9.2 

3. (A-')* = (AT' 

(r) When the components of the vectors e and i arc comi)lex num- 
bers, then the power is not e-i but 

P = e*-i 9.3 

Similarly a (juadrutic ff)rm Is denned as 

P = 9.4 

(d) When the components of the transformation tensor C contain 

complex numbers (as in the method of symnietrical components;, then 


T.A.N., Chapter XIII. 
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the laws of transformation of tensors differ in some respects from those 
given previously. In particular: 

Whenever Ct occurs in the law of transformation, it should be replaced 
by C*. Hence 


e'-Cf-e 9.5 Z'==Cf.Z.C 9.6 


(Their proof is analogous to the previous laws except that e>i is replaced 
by e*-i.) 

When C contains complex components, then “tensors” are often 
called “spinors,” also “hermitian tensors.” 

The Hypothetical Reference Frame of Fortescue* 

(a) Let three equal, symmetrically spaced and iso- 
lated coils (a primitive system with three coils) be given 
with two (not three) different mutual impedances be- 
tween them (Fig. 9.1) such as occur in balanced induc- 
tion and synchronous machines. 


a 

Z =b 


a b c 


z 

Xi 

X^ 

X2 

z 

Xx 

Xi 

X2 

z 


A 


To find the inverse of Z, a determinant with three rows and columns 
has to be solved. 

(b) Fortescue suggested replacing the three actual currents i°', and 
of the primitive system by three hypothetical currents i^, i^, and i^ 
(zero-, positive-, and negative-sequence currents) with the formula i = 
C-i'. 


i^ = (1° -|- aH^ -f- ai^) 

i*^ = — ^ {i^ -|- ai^ -f aH^) 

V3 


C --^b 
V3 


9.7 


G.E.R., May, 1935; T.A.N., Chapters XIII, XIX, and XX. 







66 


THE METHOD OF SYMMETRICAL COMFOXENTS 


where 

o = - I + jU866 = 

^2^ -1. _j0.866 = 

Det of C = -v/S (a — a^) 
Also 

1 + fl + = 0 

= 1 ; — a 

a“^ = (a^)* = a 


a b c 



(The factor l/V^ is introduced here to express the power in sym- 
metrical components also by e*-i instead of by 3e**i, as is usually 
done.) 

(c) In the new hypothetical reference frame Z' = Cf -Z-C 



0 

1 

2 


0 

1 

2 

0 

Z-hXi-h A'2 



0 

Z(i 



= i 1 


Z + (/AV, -f (OV. 


= 1 




2 



A -I- «.Vi + «AV2 

2 



^2 


9.10 


Hence in the new reference frame the three roils have no mxittml impd- 
ances (their self-impedances arc called zero-, positive-, and negative- 
sec4uence impedances], also Z' has (mly diagonal compojients, so that in 
finding no determinant ha.s to be .solved. 

(d) Expressed in another way, the method f>f symmetrical compo- 
nents replaces the actual coils of a network by hypothetical coils whose 
Z has several (and if possible only) diagonal components. Then the 
inverse calculation is simpler. 

In addition to changing the coils of a network, the method of sym- 
metrical components also replaces the actual given network by a 
hypothetical sequence network that in general cf>ntains several inde- 
pendent subnetworks having no mutual impedance between them. As a 
result the inverse calculation of Z' is simpler. 

To find Z' of this hypothetical network is the purpose of the present 
study. 
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(e) In two-phase problems, Fortescue’s transformations become (for 
the primitive s^^stem with two coils) 


1 2 


= w - 

There are no zero-sequence quantities. 


a 1 1 

b j -j 


9.11 


The Four Networks Associated with Every Problem 
(a) Let any three-phase network be given (Fig. 9.2b). 



Fig. 9.2, The four basic reference frames of the method of symmetrical components. 


When symmetrical components are to he used. Jour different networks 
and four different reference frames appear in the analysis in place of two 
{Fig- 9.2). 

1. The primitive network of the given s^^stem having C coils and 
C meshes. It is always divided into several groups, each containing 
three coils (or one coil). 

2. The given system with M meshes. 

In both of these actual networks only actual currents flow. 

3. The primitive network of the hypothetical sequence network 
also having C coils and C meshes in groups of three (or one) (the same 
number of groups as in the actual primitive system) . 
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4. The hypothetical sequence network having the -same number of 
meshes and coils as the given network, but a different number of sub- 
networks. This network, however, is unknown at the beginning of 
the analysis. 

{b) In addition to the four basic networks, in which either all actual 
coils or all sequence coils appear, there are also two mixed networks con- 
taining both types of coils. That is, both the primitive and the inter- 
connected networks may contain both types of coils. 

Considering the mixed primitive system, in the actual coils only 
actual currents flow; in the sequence coils, only sequence currents. 

(c) There is now a large variety of ways in which the problem may 
be stated. For instance: 

1. The self and mutual impedances (or impressed voltages) either 
in the primitive actual network 1 or in the sequence network 3 or 
partly in one, partly in the other, may loe given. 

2. The currents and voltages either of the given actual networks 
or of the sequence network 4 or both are wanted. 

(d) It is possible to establish a C between any two of the four net- 
works. In particular: 

1. The C between the two actual networks 1 and 2 (that is, C 2 ) is 
the usual C hitherto developed involving the constraints of Kirchhofi, 

2. Fortescue’s C« given in equation 9.7, the so-called sequence tensor^ 
represents the transformation only between the two primitive networks 1 
and 3, namely, 0\, and even there it transforms only corresponding 
groups. For each group of three coils an additional has to he used. 

3. The main problem to be investigated presently is to find C changing 
network 3 to 4, if the usual C changing network 1 to 2 is known. 

Given Sequence Quantities, Find Actual Currents 

In many special problems Z and e of network 3 are given and e and i 
of only network 2 are to be found. The steps are obvious. 

1. Change Z and e from 3 to 1 by the sequence tensor Cj. 

2, From then on the analysis follows the same as usual. 

The only difference now is that the components of Z and e of 1 con- 
tain sequence impedances (and voltages) instead of the conventional 
actual impedances. 

Quite often the design constants are given in both 1 and 3. That is, 
a “mi.xed” primitive system only is given. Usually the rotating ma- 
chines are given along 3 and the stationary coils (the fault impedances) 
in 1. Under such conditions change Z of only the rotating machines by 
Cj, from 3 to 1. From then on the analy^sis is as usual. 
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Example. For instance, let a generator be connected to a load as 
shown in Fig. 9.3a. The primitive system is known only as shown in 
Fig. 9.35. That is; 

1. The generator constants are given along the sequence axes 



(a) Given system. (5) Mixed primitive. (c) Actual primitive. 
Fig. 9.3. Generator connected to a load. 


2. The network constant is given along the actual axes 



9.13 


The first step is to change the sequence part of the primitive network 
of Fig. 9.3b to an actual primitive network, Fig. 9.3c, by C^, equation 
9.7. Hence by Cf-Zi -C and Cf *6 



9.14 
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Now both groups of coils are reduced to the actual reference axes 
and the analysis follows the usual steps. Assuming two independent 
currents in Fig. 9.3(2, 


b' g' 



By Cr-(Zi + Zo)-C, and C*-(ei + e.)- 


b' g' 


b' 

Zi -f ^2 

|Zj(l - <11 + ZFl - abl/3 

g' 

[Zid - «•-) + 

{Zn + -h + .Ur >/.l 



b' 

g' 



/ 1 
® “V! 

(a — (if Cl 




9.16 


Given Sequence Quantities, Find Sequence Currents 

(d) Since in many problems Z of network 4 is simpler than Z of 2 
(its inverse is easier to find), it is Jidvantageous t«) find first the currents 
of 4, then change them to tho.se of 2 (the actually existing currents). 
Also, since network 4 is simpler than 2 (containing more .sulmetwwks), 
it is easier to u.se it on thea-c. network analyzer. Hence the establish- 
ment of network 4 is important. 

(d) That is, the problem is as follows: 


Given: networks 1, 2, anrl (or their Z and e). 
Find: netwa)rk 4 (or its Z' and e';. 


Or stated in another way: 

Given: Cl changing network 1 to 2. 

Find : C'l changing network 3 to 4. 

The difficulty of this step is that the Inic of tram formation for C 
(equation 6.11} cannot be used since here only one of the needed C’s is 
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available (from 1 to 3, namely, the sequence tensor). The other C 
(from 2 to 4) is not yet available, as network 4 is unknown. 

Steps in Changing C 2 to C| 

(a) Even though the law of transformation of C 2 cannot be used, 
still C| can be found by the following steps; 

1 . Let C 2 be rearranged as a compound tensor 

9.17 



2. Let Fortescue’s transformation Cs (containing as many of equa- 
tion 9.7 as there are groups of three coils) also be expressed as a com- 
pound tensor 


C, = 


Cl 

Ca 

C 3 



9.18 


The sequence axes (written on top of Cg) have to be arranged in the 
same order as the real axes in C 2 . That is, first the independent (the 
“new”) sequence axes are written, then the rest that are to be elimi- 
nated. 

3. The desired transformation tensor of the sequence network is found by 
(proof to follow) 


-(C'-Ca - C 4 )-^-(C'-Cx - C 3 ) 


9.19 


It is necessary to calculate the inverse of a matrix having as many 
rows as there are equations of constraint. 

{b) Since the inverse calculation of Cg is simple, the above equation 
may also be written as 


-(Cr^-C'-Ca - I)'^-Cr^(C'-Ci - C3) 


9.20 


In many cases the use of this formula requires fewer calculations. 
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(c) Once C from network 3 to 4 has been found, then Z and e of 
network 4 are found from those of 3 by the usual formulas. Also the 
sequence network 4 (containing sequence coils) may be established from 
C 4 by inspection. 

The sequence network 4 containing the real coils may be established 
(using Z and e of network 1 ) by finding C\. Once C 4 is known, then 
the former is found by 

Cl = Cl-Cl 9.21 

where C;j is the Fortescue's tensor C« shown in equation 9.18. 

(d) When the hypothetical have been found, then the actual cur- 
rents flowing in each actual coil are found by 

= Cl-i^ 9.22 


Proof of the Formula Changing C^ to Cl 

It was shown in equation 7.13 that, if the unit tensor i is sul)tracted 
from C 2 , the resultant B multiplied by i gives the eciuations of con- 
straint B*i = 0, where 




C' 

-I 


Now if i is replaced by C,,-i', the equations of cfuistraint B'-i' = 0 
of the sequence network are found, where 



E.xpressing now the dependent currents in terms of the independents 
F = -Br'-Ba-F = -(C'-C. - C.,r‘-fC'-Ci - 9.23 

giving the lower part of C 4 . 

Changing Reference Frames of Faults 

(a) In fault studies there arc a few standard izcfl tyi)es of impedances 
whose Z has to be changed from network 1 to 3 with the aid of 
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To save the repetition of transformation, Table III lists the Z of fre- 
quent impedance combinations for both reference frames. AH are 
special cases of the first set, by making some of the Z’s 2 ero. (Similar 
tables are shown in T.A.N., Chapters XIX-XX, for other standard 
three-phase networks.) 

(b) A ground coil may have special treatment. To avoid the use of 
three-rowed matrices, a ground coil is considered to have only a zero- 
sequence impedance as shown at the end of Table III. 

Also an actual ground current is transformed into a zero-sequence 
current by the following transformation : 

0 0 
1 

■a/3^ 

The reason is that the ground carries the sum of the three currents 
-I- io 



= V3j‘ 


: = g V3 


= [(^° + + ai'- + aH^)] 

V3 


= 3iVVs = \/3i^ 



Q 

Q, 
, d 

(b) Primitive system. 


Q. 

Q. 


Ill 


Fig. 9.4. Double line-to-ground short circuit. 


Changing A “Mixed” Primitive to a Primitive Sequence Network 

Let the network of Fig. 9.4a (a double line-to-ground short circuit) be 
analyzed whose design constants are given in the form of the mixed 
primitive of Fig. 9.5a. 
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(o) Given impednnces of mixed (i) Cha«j;od to impeJances of se- 

primitive network. quetice primitive 3. 

Fig. 9.5. Known impedances. 


The first step is to change the mi.xetl primitive into the sequence 
primitive by changing Zi with the aid of Table III. Hence Z and e 
of the primitive secj[uence (Fig. 9.Sb) are 



Note that is factored out. 
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Changing into C| 


C of Fig. 9.4, changing netM’'ork 1 to 2 (showing the manner of inter- 
connection of coils), is 



Two of the equations (second and third) are the equations of inde- 
pendence; hence the remaining five are the equations of constraint. 

1. Rearranging 

b' 


d' 


b" 

c" 

g'" 




2. Fortescue’s transformation is, by equations 9.7 and 9.24, 


1' V 0' 0" 1" 2" o'" 



Cl 

C 2 

Cs 

C 4 








THE METHOD OE SYMMETRICAL COMi’ONENTS 
3. Performing? llie indicated mulliidication, 



The product of the last two matrices is 

r 2 ' 


0' I i ] 

0" 1 ■ I 

(C'.Cs - c,,. H.C'-C, - c.v - 1" -1 1 

2 " “1 
O'" 1 1 


Hence the desired transformation tensor is 
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The Equations of the Sequence Network 

(a) Now Z and e of the primitive network, equation 9,26, may be 
transformed by C| with the aid of Cf -Z-C and C^-e. 



The equations of the sequence network are e' = Z'*i' or 64 = 
ei = (Zq + Zi + 2Z 4“ ^Zg)i^' + (Zo + Z + ^Zg)i^' 

9.34 

0 = (Zo + Z -{- 5Zg)i^ 4 “ (Zq 4" Z 2 4~ 2Z 4* 3Zg)i^ 

They may be solved for the currents i^' and by i' = Z'~^'e'. 

(b) If the sequence currents and i'' have been found, then in net- 
work 3: 

1. By equation 9.31, the sequence currents are = Cl-i"^ 



2. The sequence voltages are, by Z-CT', where Z*C is given in 
equation 9.32, 

0' 1' 2' 0" l" 2" O'" 
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Actual Currents and Differences of Potential 

A transformation from network 3 to network 2 with the aid of Cj = 
Cj, shown in equation 9.29 gives the actual currents in each coil as 



9.37 


The actual difference of potential across each coil (since e' = Cf -e or 
©3 = Csf-ei, therefore ei = (C3f)~^-e3) is 


ei = (CiD-Ees 


1 

V3 


a' -Zoii}' + V) + Zit}' + Zijr' 
b' —Z(t{i}’ + ■+■ <^Z\iy + aZiV 

c' —Zoii^' + r') + aZ\i^' + 

a" 0 

h” Z((fi - + (a - \)r 

c" Z(a — I)i'' + (or — l)i^' 
g'" -3Z,(f' + 


9.38 


Of course the actual currents i^ and differences of potentials Ci could 
have been found from i^ without the intermediary steps of finding i^ 
and 63. That is 

= C.l-i'^ = 9.39 

e, = (CL*)-' -es = (Ci*)-‘ -Z .Cf-r 9.40 

The Sequence Network 

When Z\ equation 9.33, has been established, the sequence network 
containing the design constants of the ?mxed primitive network of Fig. 
9.4& may be established by inspection as shown in Fig. 9.6. 

From Cf, equation 9.31, the sequence network containing only se- 
quence constants is established by inspection, as showm in Fig. 9.7. 
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There are mutual inductances between the double-primed coils as 
shown in Fig. 9.5. 

It should be noted that Fig. 9.6 is a “mixed” network containing 
both actual and sequence impedances and that no mutual inductances 
exist between the coils. This mixed circuit can be set up on the calcu- 


1 . ?! 


1 zr- 

li' 3 


it’'' 

f et Zgj 

It' J 

[ 3Zg 

! z,l 

i 

1 

Si-“! 


Fig. 9.6. Sequence net- Fig. 9.7. Sequence net- 
work with mixed imped- work with sequence im- 

ances. pedances. 


lating board. However, in both sequence networks, Figs. 9.6 and 9.7, 
the currents are all sequence currents. 

Networks with Multiwinding Transformers 

When magnetizing currents are also to be neglected, the steps are the 
same as before except that C 2 is the product of two C’s. 

Because of the larger number of groups of coils, in such problems it is 
advantageous to deal with compound networks (each coil representing 
a three-phase apparatus) and their compound tensors. It is shown else- 
where * that in terms of three-phase compound tensors the analysis of 
three-phase networks reduces almost to the simplicity of that of single-phase 
networks. 

The advantage of the use of compound tensors is due to the fact that 
only a few standardized types of three-phase interconnections and 
faults exist and their corresponding C and Z need be established only 
once. Then for every particular three-phase system these ready-made 
C’s and Z’s are used as components of the compound tensors. 


EXERCISES 

1. Find the conjugate of 


P -jpo 


2 : 

P + jp9 



Chapter XX. 
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2(a) Transform to 0, 1, 2 axes the following Z's. 



a 

b 

c 


a 

b 

C 

a 

z,.. 



a 




Zi = b 




22 = b 

Zi,„ 

Zbb 

Zbr 




4 

c 

4a 


4c 


(h) Tnuisfonu the new Z’s back to their original form. 

3. Verify the fault impedances Z in Table III. 

4. Let the generator of Fig. 9..S, whose Z and e are given in equation 9.12 supplying 
three uncfiual resistences, be short -circuited as shown. F’ind the short-circuit current. 



Fig. 9.8. Fig. 9.9. 


5. A. grounded generator supplies a three-phase loari wliere 


0 ' 1 ' 2 ' 


0' 

4 



Zi = 1' 


|_iL 


2 ' 


i 



O'" 


0 " 1 " 2 " 






Zm 







Fig. 9.10. 


If a doulile line-to-ground short circuit occurs 
as in Fig. 9.9, find the sefpience and the actud 
currents and differences of potentials appear- 
ing across each phase of the generator and tiie 
load. 

6. A generatf)r Z\ .supplies a delta-connected 
load Z/,. If a line-to-line fauit occurs through 
an impedance Z fFig. O.IDj, what are the 
sequence and the actual currents and voltages 
in each coil? 


0 12 a b c 


0 

z„ 



a 

z 

1 

Zi = 1 


Zi 


Z/, - b 


Z 1 

2 



Zu 

c 


1 ^ 
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MERCURY-ARC RECTIFIER CIRCUITS 
Information Implied in C 

The connection tensor C showing: how the coils are connected into a 
network includes a surprisinj,' amount of information ahoui the net- 
work. It will be shown that in rect ilier cir<-ui(s it ^ives the instantane- 
ous and r.ni.s. values of the currents flowing 
at any part of the system, jirovided that the 
load current is not too large. CrZ*C, of 
course, gives the impedance of the network to 
be used in detaileil studies. 

As a simple example, let the si.x-phase rec- 
tifier of I'ig. 10. lu be con.siderefl. Kach anode 
circuit is considered a clost'd mesh. The nine 
('oils are wound on ;i transformer as shown in 

Fig. 10.1/;. 

The method of attack is the same as that of 
any other network containing multiwinding 
transformers, 'fhat is: 

1. The ('oils are intercoimected hy Ci- 

2. I'lie inagneti/ing currents are neglected 
(or retained) by C;„.. 

d. The product Ci-C_. gives the desired 
transformation tensor C' in which the new axes are the anode axes 
(and the line axesj. 

Visualization of Rectifier Phenomena 

(fl) Hitherto no attention was paid to tlic order of the mesiies as- 
sumed. Now, however, it is essential to rearrange 1 lie anode meshes in 
the order of their firing. 

The order of firing of the various anodes is determined by the eriua- 
tion e' = Ci-e, where e is the inifiressed line voltage 'three-phase). 
The components of e' give the differenro of pi item ials a[ <\ x-aring across 
the various anodes. By arranging the ('onijxinents of e ' in tlieir proper 
time phase, the firing order of the anodes is automatically determined. 
82 
I 






Fir;. 10.1. .Six-pha.se 
rectifier. 
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A transformation tensor C/ may now be established that changes the 
order of the anodes to that given by e'. Then C'-C/ is the final 
C sought. 

(b) Now if it is assumed that the new currents i' (the anode currents) 
that appear at different time intervals are all equal and of constant 
value Jd-c.. then i = C 4' gives the currents flowing in each coil in each 
time interval in terms of the direct current Jd-c.- 

Since the anode currents -/d-c. appear at different time intervals in 
each anode, the graphical plot of each row of C (multiplied by /d o.) 
the instantaneous value of the currents flowing in each coil. 

Also if the components of^each row of C are squared, then added and 
the square root of the'S.verage resultant is taken, the r.m.s. value of the 
currents flowing in the corresponding coils is found. 

Six-Phase Rectifier 

(a) In the arrangement of Fig. 10.1 three of the coils (the primary) 
are connected in star to the line. Each of the other six coils (the 
secondary) forms a closed mesh through the cathode. Coils 7-9 are 
connected to the common cathode in a direction opposite to coils 4-6. 
Hence their interconnection is represented by 



1 ' 

2' 

4 ' 

5 ' 

6 ' 

r 

8 ' 

9' 

1 

1 








2 


1 







3 

-1 

-1 







4 



1 






s 




1 





6 





1 




7 






-1 



8 







-1 


9 








-1 


{b) There are two closed magnetic meshes; hence two equations of 
constraint may be set up: 

-f + Usf — Ur/? — nJP — Usi^ = 0 

10.2 

npi^ -f n^i^ + — Upi^ — ngi'^ — nj,^ = 0 
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MERCURY-ARC RECTIFIER CIRCUITS 


(e) The instantaneous values of the currents are given by the ro^?s 
of C multiplied by /^-c. as shown in Fig. 10.3 for the three line coils 
1, 2, and 3. 



Fig. 10.3. Instantaneous line currents. 


The r.m.s. current in coil 1 is 

i = J (i)^ + (i)- + (-l>^ + (-!>" + + (If 



(/) The impedance tensor Z' of the system is Cr Z • C. It is needed in 
load and short-circuit studies. 

Interphase Reactors 

When the phases are interconnected through reactors (Fig. 10.4) 
then the anode does not stop firing as the nc.\t one starts. It keeps on 
firing through two or more time intervals. 

LU 

fW 

"tI 

Fig. 10.4. Interphasc rcnctors. 

In such cases an additional C 4 is introduced to show that in a time 
interval two (or more; consecutive anodes are firing simultaneously. 
For the above example 
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so that C = Ci-C 2 'C 3 *C 4 = 


a' b' c' d' e' f' 


1 

0 

-1 

-1 

0 

1 

0 

1 

1 

-1 

-1 

0 

-1 

-1 

0 

1 

1 

0 



1/n 

1/n 





(b)coil A 

Fig. 10.5. Instantaneous currents. 


10.11 


The currents in coils 1 and 4 are shown in Fig. 10.5. Their r.m.s. 

values are w/d.c./V6 and (1 = /d-c./(2V3). 

Twelve-Phase Quadruple Rectifier 

Figure 10.6 shows a rectifier connection with thirty-six coils, in 
which four anodes fire simultaneously. Figure 10.7 shows the number 
of turns of the various windings (a = 0.816 and b = 0.299). 

The analysis follows the previous one step by step except that here 
three closed magnetic meshes are assumed and their magnetizing cur- 






2b\-3a ~ 3b\-2a ~ b\ 0 2a + 6 3a + 3& 
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EXERCISE 

Find C, the instantaneous currents, and the r.m.s. value of the currents of the 
rectifier circuits of Figs. 10.9-10.11. 



Fig. 10.9. Biphase circuit. 





Six-phase double-wye circuit. 



Fig. 10.11. Six-phase forked circuit. 
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PHASE-SHIFT TRANSFORMERS* 

Considering Only One-Third of the Windings 
In a balanced three-phase system, whatever currents flow in phase a, 
the same currents, shifted by 120 degrees in time, flow in phase b and by 
240 degrees in phase c. That is, if and flow in the meshes of 
phase a, then ai°‘, ai^, and ai^ flow in the meshes of b, and aH°', aH^, and 
in the meshes of c (see Fig. 11.1 for one mesh per phase). 



Fig. 11.1. Currents in balanced three-phase circuits. 

Hence in balanced three-phase systems it\s sufficient to consider only 
one-third of the coils, meshes, and currents. 

Representation of Three-Phase Transformers 

Let three four-winding transformers be given (Fig. 11.2) 

It is customary to represent the coils in the following way. 


0 b c 



Fig. 11.2. Three-phase four-winding transformers. 

1. Those of phase a are always Vertical. 

2. Those of phase b are always at 120 degrees from it. 

3. Those of phase c are always at 240 degrees from it. 

* T.A.N., Chapter XIII, p. 339. 
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PHASE-SHIFT TRANSFORMERS 


Instead of drawing the coil, only a straight line is drawn as shown in 
Fig. 11.3. 

Hence the coils of Fig. 11.2 are represented as shown in Fig. II.4. 


a b 



phases. four-winding transformer. 


Interconnection of Coils 

Let the twelve windings of Figs. 11.2 or 11.4 be interconnected as 
shown in Fig. 11.5. In particular: 

1. Windings 1 into star. 

2. Windings 3 into star. 



(a) -Actual connections. (6) Representation. (c) Its primitive. 


Fig. 11.5. Phase-shift zigzag transformer. 

3. Windings 4 into delta. 

4. Windings 2 in opposing series with 3 (the so-called zigzag 
connection.) 

5. Windings 2 are connected in series with a balanced star load. 
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The Primitive System 

It is sufficient to consider the currents only in the first transformer {ver- 
tical lines) and in one of the loads. 

The primitive network (Fig. 11.2 or 11.5c) has five currents 


12345 12345 



The Transformation Tensor 


In the given network, Fig. 11. 5&, there are nine meshes; hence it is 
sufficient to consider three meshes and assume three new currents in 
three of the vertical coils i^' , i^' , i^' as shown. 


The next step is to determine the 
currents in the remaining vertical coils 
and in one of the loads. 

In Fig. 11.6, if flows from A to B, 
then ai^' flows from G to B (see Fig. 
11,1). Hence —ai^' flows from C to D. 

Similarly in one of the loads (it does 
not matter in which one) flows. 



Fig. 11.6. Determining the current 
in the remaining vertical coil. 


Hence, equating the currents flowing in the four vertical coils (and 


one of the loads) before and after interconnection (comparing Fig. 1 1.56 


and c and Fig. 11.6), 



The coefficients of the new currents give the transformation tensor C, 
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showing the manner of interconnection of the coils. One of its compo- 
nents is a complex number —a = 0.5 — j0.&66. 

It should be noted that, to establish the currents flowing in all verti- 
cal coils, the currents in some of the other coils also had to be estab- 
lished as an intermediary step. 

Of course, in place of the coils of phase a (the vertical coils), the coils 
of any of the other phases could have been considered. 

Neglecting Magnetizing Currents* 

The procedure from this point is the same as for any other multi- 
winding transformer network. 

The equation of constraint of the vertical coils before interconnection 
is 

nii^ 4 - = 0 11.3 


Replacing the old currents by the new currents with the aid of 
equation 11.2, 

nii^' + n2ai^' + n^i^' + n^i^' = 0 11,4 


Assuming, say, (the current in the delta) as the dependent cur- 
rent. 


1 " 3 " 



Note that N 2 is a complex number. 



G.E.R., May, 1935, p. 237. 
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Currents and Differences of Potentials 


Cf-z-c = z' = 

3' 


11.7 


1" 3" 


Zi_4(Ari + Nl) 

— (XZi_2 + Zi_3 + 

-aN7Z2_4 + AT23-4 

— C^Zi-2 + 2^1-3 + N2Zi_4 
-a^NiZi-i + NiZz^i 

Z 2-3 - Z 2 - 4 (iV 2 fl^ + Nta) 

+ Zz-m + Nt) + 2 


e' = Cf -e = 


ei + NiSi 


Ntei 


The currents are from i' = Z' ^ - e 

l" 3 " 


11.8 


11.9 


In each coil of the first transformer (vertical coils) flows 



1 

2 

3 

4 

5 

ic = C-i' = 

r 

~ai®" 


Ari“" + 



The differences of potential across each coil of the first transformer 
are 


eo = Z-C-i' 


1 + (-aZi_2 + Zi_3 + 

2 (Zi_2 + N^Z^_i)r + (Z2_3 + N.^Z2-i)i^" 

3 (Zi_3 + AfiZs-ffi'" + ( -aZ2-3 + hhZz^i)^ 

4 Zi_4d" + (-a^2-4 + Z3_4)r 

5 Zi^” 


11.11 
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EXERCISES 

1. Find Cl and C 2 of the zigzag transformer of Fig. 11.7 (consisting of three three- 
winding transformers). 

2. Find Ci and C 2 of the inscribed delta transformer of Fig. 11.8 (three two- winding 
transformers. 



Fig. 11.7. Zigzag transformer. Fig. 11;8. Inscribed delta 

transformer. 

3. Find Ci and C 2 of the zigzag auto-transformer of Fig. 11.9 (three three- winding 
transformers). 



Fig. 11.9. Zigzag auto-transformer. 

4. Find the currents and differences of potentials across the coils of the trans- 
formers shoTO in Table IV. 



CHAPTER 12 


INDEX NOTATION* 

Denoting the Reference Axes of a Particular Frame 

(a) In the notation hitherto used (the “direct” notation), each 
physical entity (tensor) was denoted by a single symbol e or Z (the 
“base” letter) without showing its valence or its law of transformation. 
Also the notation could not restrict the analysis so that it should apply 
to only one portion of the network. The “index notation” to be shown 
now takes care of these and other needs of the analysis. 

The symbols a,h,c ■ • ■ denoting the individual reference axes will be 
called “fixed” indices. The totality of all axes will be denoted by "a" 
or “|3” to be called “variable” indices, so that a assumes all thefixei 
indices in succession. 

The base letter of a vector (tensor of valence 1) will have one variable 
index as Ca 



so that €]) - 3, ed = 1. 

The base letter of a tensor of valence 2 will have two indices 



so that Zac - 3, Zbb = S, etc. 

The transpose of Ac^ is Apa- The inverse of Aap is denoted by a dif- 
ferent base letter, as 

(A„^)-' = 12.1 


T.A.N., Chapter VII. 
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Note that the order and position of the indices are interchanged, 
and 

(6) By using both variable and fixed indices, any row or column may 
be picked out of a tensor at will. For instance, Z^b is the second col- 
umn, Zcfi is the third row. 

A tensor of valence 3 has three indices as shown in Fig. 12.1. 

A tensor of valence 0 (scalar) has no index. 


r 



nj 


Ij 


'-'7 

□ 




0 b c 
Fig. 12.1. 


Denoting the Various Reference Frames 

The various reference frames are usually denoted by priming the in- 
dices as Za'i 3 ', Za" 0 ", Za'"^'" • • In general, Za/s stands for all the 
possible reference frames (primes, double primes, triple primes, etc.) 
in addition to all components Zaa, Zab, etc. 

The symbol Z, the base letter, still represents the whole physical en- 
tity, while the indices show just which reference frame and in that frame 
just which component or components are under consideration. For 
instance, for the tensor Za^ 



When the indices contain no primes and are all variable indices as 
Za^, then (if not otherwise stated) they imply all the components of all 
possible reference frames, that is, the entity itself. 

It is customary to use different variable indices for different reference 
frames (instead of different numbers of primes) such as Zap for one. 
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for another frame. Though this notation is permissible, it is not 
logical, unless the two reference frames are of different types. 

Denoting the Manipulations to be Performed 

(a) The rule for multiplying together two vectors ed (each with 
say, four fixed indices a, b, c, d) can be represented with the aid of 
indices as 

abed abed' 

e= 1 2 3 4 i= S 6 7 7 ] 


d 

e.i=^e<,4=lX5 + 2x6 + 3X7d-4X8 = 70 12.2 i 

Similarly the rule for multiplying together two tensors of valence 2 is ? 
represented as 

d 

= Cry 12.3 



(b) The index jS, along which the summation is performed, is called 
the "dummy index.” The arrows are always drawn along the dummy 
indices. The remaining indices a and 7 are called “free indices.” The 
resultant tensor Ca-f contains only the free indices. E.g., 

'^^Aa^yByS = Ca^s 12.4 

7 

showing that the resultant of the product is a tensor of valence 3. It 
may be said that the two dummy indices stand for a dot-product. (In 
direct notation only A-B = A^^B^y can be represented, but not 

^a^By^.) 

(c) Since the dummy index occurs twice, the summation sign may he left 
out as 


AajiyBy^ C«05 


12,5 
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This is called the “Einstein convention” as he was the first to sug-gest 
the omission of the summation sign. 

Denoting the Law of Transformation 

(fl) Although the currents i and voltages e are both vectors, they 
have different laws of transformation 

i = C-T and e = CT^-e' 12.6 

one attracting C, the other Cj h 

In other words, e and i are two different types of vectors as they behave 
differently when coils are interconnected into various networks (or even 
when the reference frame is changed and the network is left undis- 
turbed). That is, when coils are connected in series, the voltages are 
added, but the currents remain unchanged. On the other hand, when 
coils are connected in parallel, the voltages now remain unchanged and 
the currents are added. 

To represent this difference in their physical behavior, hence in their 
law of transformation, the current vector always has an “upper" or 
“contravariant” index as while the voltage vector always has a 
“lower” or “covariant” index as Also is called a “contravariant” 
vector and «« a “co variant” vector. 

(6) In general, if an old index attracts {or it is an upper in- 
dex; if it attracts C {or C^), it is a lower index. 

Since, Z attracts C twice, equation 6.6, both its indices are lower in- 
dices as Za^. However, Y attracts twice, equation 6.8; hence it is 
written as On the other hand C itself attracts one C and one 
equation 6.11; hence it has one upper and one lower index as Ca-. Its 
inverse, C“\ is written Cff. 

Tensors may have any number of covariant and contravariant indices 
as A'ff.y.. So that no confusion may arise as to the order of the indices, 
dots are placed in the empty positions. 

The only exceptions in disregarding the order of the indices are the 
transformation tensor C"- and the unit tensor 

The Dummy-Index Rule 

It so happens in nature that every type of energy is the product of 
two vectors, one being always a “covariant” vector, the other a “con- 
travariant" vector. For instance, T = or T = M-mf' (il/^ = 
momentum). Similarly, with powi-er, P = e,ai"'. 

In general, in any problems of tensor analysis, of the two dummy indi- 
ces one is always a lower, the other an upper index. 
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With the aid of this rule, the law of transformation of any tensor may 
be written down automatically 

ea = ea'C^J 

Tensor Equations 

(a) Every term in a tensor equation must have the same free indices. 
With one free index every term is a vector, as 

di^ 

Col = 12.8 

In every term the free index is a. This equation stands for n ordinary 
equations in every reference frame. 

With two free indices every term is a tensor of valence 2. 

■2'aj3 = Za^ ZccyY'^^Zs^ 12,9 

This tensor equation stands for ordinary equations in every reference 
frame. 

With no free indices every term is a scalar. 

P = 12.10 

This tensor equation stands for one ordinary equation in every refer- 
ence frame. 

(&) The dummy indices may be changed in each term at will. 

Pa/ - 12.11 

The free indices may be changed only in all the terms of an equation 
at the same time. 
eoi = Pa/ may be written as By = 

(c) With index notation the order of the tensors in a product can be 
changed at will 

I but A-B B-A 12.12 

The dummy index /3 shows whether the arrows are drawn horizon- 

tally or vertically. However, if the components of a tensor contain 
operators, such as p — d/dt, their order cannot be changed (just as the 
order of p in an ordinary equation cannot be changed) . 

Contraction 

It has been assumed hitherto that the two dummy indices occur in 
different tensors as Za/. However, they may occur in the same tensor. 


Za'P' = 
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12.13 


That is, represents the sum of the diagonal terms. 

In general, assuming two dummy indices in a tensor (the process of 
“contraction”) lowers its valence by 2. If is a tensor of valence 
4, then is a tensor of valence 2, namely Ka^. 


EXERCISES 

1. How are each of the shaded portions of Fig. 12.2 represented in index notation? 

2. What is the law of transformation of the tensor 


= « 

abed 

~T~^ 

Fig. 12.2. 

3. What is wTong with the following equations? 

(a) (b) = (c) 

4. Is the following equation correctly written (that is, are the indices correctly 
balanced)? 

d{P 

ea = +. 

at 

5. Write out all the four sets of equations 14.7 as shown in equation 14.8. 





CHAPTER 13 


DIFFERENTIATION AND INTEGRATION OF TENSORS* 
Dififerentiation 

The differentiation and integration of tensors are facilitated by the 
use of the index notation, as the indices show the succession of steps to 
be performed. The folloviing rules also apply to re-way matrices. 


(a) A tensor is differentiated with respect to a scalar by differentiat- 
ing each of its components separately in every reference frame. The 
valence of the tensor remains unchanged. 



{b) A tensor is differentiated with respect to a vecto? x°‘ by differenti- 
ating each component of the tensor with respect to each component of 
the vector in succession. The valence of the new tensor is one larger. 
For instance, find where 



* T.A.N., Chapter I, p. 31. 
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The expression dAa/dxP is denoted as Bap. That is, the contravariant 
(zipper) index ^ in the denominator becomes a covariant (lower) index in 


the resultant tensor. 


dKXy 


■■ MXyT. 


13.3 


(c) A product of tensors is differentiated by differentiating each ten- 
sor separately. For instance, 




13.4 


Gradient 

In physical problems three types of differentiation occur rather fre- 
quently. 

The derivative of a tensor with respect to a vector is called the 
“gradient” of a tensor. . 


Grad A = - 
Grad B^ = - 


13.5 


Not only a scalar but also a tensor of any valence may have a gradi- 
ent. The valence of the gradient is one greater than that of the original 
tensor. 

From the gradient, the divergent and the curl are built up in the 
following manner. 


Divergent 

If the gradient of a tensor is “contracted,” the resultant is called the 
“divergent” of the tensor. 


Div.4a = 


Div = 


dxP 


-- B 


13.6 


Not only a vector but also a tensor of any valence may have a diver- 
gent. The valence of the divergent is one less than that of the original 
tensor. E.g., 
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The same result could have also been found by calculating first the 
gradient, that is dAJdo^ = then adding its diagonal components. 

Curl 

When the gradient of a tensor has been calculated, then, if its trans- 
pose is subtracted, the resultant is the “curl” of the original tensor. 

That is, if = B^^, then its transpo.se is 

Curl = — Dayfi 13.9 

dx’ doc 

Not only a vector but also a tensor of any valence may have a curl. 
The valence of the curl is one greater than that of the original tensor. 
For instance, 



The above tensor is “skew symmetric,” that is, all terms to the right 
of the main diagonal line are negative to those to the left. I'he diagonal 
terms are zero. Hence the number of different components is n~/2 — n. 
This skew symmetry of the curl exists in every reference frame. 
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Line, Surface, and Volume Integrals 

(a) A tensor of any rank is int^rated with respect to a scalar by 
integrating each of its components. 


Aa = \ sin 0 cos 0 3 — sii 


/■ 


Aade = Be, 


—cos 0 -f d 

sin 0 -1- R 

3d + C 

cos 0 -f- Z? 


{b) A tensor is integrated with respect to a vector by integrating each 
component of the tensor with respect to each component of the vector 
and performing the contraction as indicated by the indices. For in- 
stance, if 


\ 

a 

b 

c 

d 

\ 

a 

5 c 


j sin X 

cos y 

3 

2 1 

1 dx^ - 

[jd 

dy j dz 1 


a + J Ai, dx^ -f j A, dx^ ^ J Addx^ 

= J' sin xdx A- J cos y dy J' 3dz -f J' 2du 


Also 


= — (cos x + A) (sin y + S) -f (32 + C) 

+ {2u + D) 13.12 

J A^^dxP = 

Such integrals are called ‘‘line integrals.” 

(c) The differentials may form a tensor of valence 2 (representing a 
surface) . In that case the contraction is performed twice in succession. 

^ = C“ 13.13 


yy' A%ydx^ dx^ = J 

Such integrals are called ‘‘surface integrals.” 

(d) ‘‘Volume integrals” assume the following form; 

JJ I' A-^^ydx-^dxUx^ = JJ y" A^p^y.dB'^^^ - 13.14 
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Stokes’ Theorem 

In tensor analysis the theorem that "the line integral of a vector is 
equal to the surface integral of the curl of the vector” assumes the form 

13,15 

the indices indicating the routine steps that have to be performed in the 
integration. 

Of course, a may have more than three fixed indices and Aa may be 
replaced by a tensor of any valence. Tensor analysis also supplies a 
routine procedure for the cases when the reference frames are not rec- 
tilinear but curvilinear. 


EXERaSES 
1. If 



3. Find the gradient, divergent, and curl of A a and AcB of exercise 1. 

4. Find the line integral of 4 a and the surface integral of .4 a 3 of exercise 1. 
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THE FIELD EQUATIONS OF MAXWELL* 


Three-Dimensional Form of the Equations 

Important examples for the differentiation of tensors are the field 
equations of Maxwell. In the symbolism of conventional vector 
analysis they are as follows: 

The first set of the field equations (in Heaviside-Lorentz units) is 


c dt cl 
Div D = p 


The second set is 

Curl E -h - — = ol 
c dt I 

DivB = 0 J 

where p satisfies the equation of continuity 


Div pv + — = 0 


III 


14.1 


14.2 


14.3 


and E and B are expressible in terms of the scalar potential <p and vector 
potential A 


E = 


, 1 bk 

■ grad - - — 

C dt 


IV 


14.4 


B = curl A 


The vectors have the form 


X 

y 

Z 


X 

y 

z 


Ey 

E, 

1 ^ ~ 

Li 


j 


* See, for instance, Becker, “Theory der Elektrizitat,” Vol. II, Teubner, Leipzig, 
1933. 
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Four-Dimensional Tensors 

The three-dimensional forms of Maxwell’s equations have the follow- 
ing limitations; 

1. They are not valid if the reference axes have accelerated motion 
such as rotation. 

2. Even when the reference axes are stationary, the equations are not 
valid if the velocity v of the charges approaches that of light. 

3. Unless the reference axes are orthogonal, the calculation of gra- 
dient, divergent, and curl becomes rather involved. 

All these limitations are removed if the above equations are restated 
in the language of tensor analysis. Assuming a recUmgiilar reference 
frame along x, y, z (the “primitive” reference frame), Minkowsky gave 
the following tensor forms of Maxwell’s equations, each replacing a set 
of two conventional vector equations. 

First let new types of tensors be introduced by augmenting the three 
space directions x, y, 0 by a fourth, the time t. These new tensors are' 



where and are skew-symmetric tensors of valence 2. is 
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called the “dual” of Fap. Also, /3 = V^l — ^/c^, where v is the velocity 
of the charge po- 

Four-Dimensional Form of the Equations 

In terms of these tensors the conventional four sets assume the form 



I 

II 

0 


III 

do(P 

II 

FaP = 

d<Pa 


IV 


For instance, the first set gives 

dxP dx^ dx^ ^ 

when 


= 1.. 

dl-P 


1 BD^ _ 

PoF" 

dy 

dz 

c at ~ 



dip 

an® 

1 dpy 


— z • * 

dx 


c at 



am 

aw 

1 aD* 



Bx 

By 

c at 

|3c 

= 4 

aiP 

apy 

77 + 

aiy _ Po 
Bz j3 



When the velocity of charge is small, v^/c^ is negligible compared with 
unity and jS = 1. 

Since Fa^ is skew symmetric, the last set IV only apparently contains 
4^ = 16 equations. Four of these (when a = /3) are 0 = 0, while six of 
the remaining twelve only repeat the other six with a negative sign. 

In going over from the primitive (rectangular) reference frame 
hitherto considered to a rectilinear frame, or from a stationary to a 
uniformly moving reference frame, these tensors can be transformed in 
a routine manner by the formulas previously given, but the conven- 
tional forms cannot. 

When curvilinear or accelerated reference frames are introduced, 
these equations have to be generalized again, as will be shown in 
Chapter XXXI. 
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EXERCISES 


1. Write out the three-dimensional form of equations 14.1-14,4. 

2. Write out the four sets of four-dimensional equations 14.7. 

3. Let the following C change rectangular axes to cylindrical axes 


^4' ^2 



(a) Find along the cylindrical axes <pai ^a, 

(J) Establish Maxwell’s equations along the cylindrical axes. 






JPA.-RT II 


ROTuAiriJVG liUlCHINERY 




CHAPTER 15 


GENERALIZATION POSTULATES * 

A Preliminaiy Postulate 

The purpose of mathematics is to express as long a train of thought as 
possible with as few symbols as possible. 

Suppose, in performing an experiment, it is found that a spring with a 
spring constant 10 is elongated 2 inches by the application of a force of 
20 pounds. That relation is written as 20 = 10 X 2. When 30 pounds 
is applied, the elongation is found to.be 3 inches or 30 = 10 X 3. For 
the infinite possible applied forces and for the infinite variety of spring 
constants a separate equation has to be written. 

Algebra introduces the following labor-saving symbolism. Let all 
the possible displacement be denoted by d, the spring constants by k, 
and forces by f. Then all possible measurements may be expressed 
as/ = kd. That is, it can be postulated that: 

An infinite variety of arithmetic equations may be replaced by one alge- 
braic equation of the same form if each number is replaced by an appro- 
priate letter. 

Such a replacement shortens the analysis of a problem and offers a 
better visualization. Nevertheless, at the end of the analysis all letters 
have to be replaced again by numbers and a certain amount of numeri- 
cal work performed in spite of the intermediate use of algebra. 

By long usage this generalization postulate has become second nature 
to the engineer, and he hardly ever stops to think of it as such. 

The First Generalization Postulate 

Let a particular network with n meshes be given. For the first mesh 
an algebraic equation of the form ei = Z\ix may be written (in con- 
formity with the preliminary postulate) ; for the second mesh, 62 = 22 ^ 2 ; 
and so on. Instead of waiting n equations and manipulating them, the 
analysis may be simplified by introducing a new symbolism the follow- 
ing way. 

Let all the n mesh currents, i^,i^ • • • be arranged as a 1-matrix and 
denoted by a single symbol i, similarly all the n impressed voltages by e. 


T.A.N., Chapters II and III. 


115 



116 


GENERALIZATION POSTULATES 


Also let all the self and mutual impedances be arranged as a 2-matrix 
and denoted by Z. Then the 11 iilgebraic equations may be replaced by 
the single matric equation e = Z-i. That is, it can be postulated that: 

The n algebraic equatioris describing a physical system with n degrees of 
freedom may he replaced by a single equation having the samefor 7 n as that 
of a single unit of the system, if each letter is replaced by an appropriate n- 
mairix. The manipulation of the matric equation follows closely that 
of the algebraic equation. 

Such a replacement shortens the analysis and offers a better visuali- 
zation than the original n equations. Again, at the end of the analysis: 

1 . The M-matrices must be replaced by their elements of algebraic 
letters. 

2. The letters must be replaced by numbers. 

The Second Generalization Postulate 

Instead of one particular network let, say, all the possible stationary 
networks with n meshes be given. The matric equation of the first net- 
work is Cl = Zi-ii (in conformity with the first generalization postu- 
late); that of the second network, 62 = Z2*i2; and so on. Instead of 
analyzing each network separately, it is possible to develop equations 
that are equally valid for all these networks by introducing the follow- 
ing symbolism. 

First let the whole group of all posvsible transformation matrices 
Cl, C2 ■ • • = Ca' be established (at least, it must be known how to 
establish them if and when they are needed) that transform any one of 
the networks into any of the others. If, and only if, these C’s are 
known, then let the totality of all the current matrices ii, i2 ■ • • be de- 
noted by the contravariant vector (tensor of valence 1) j“, all voltage 
matrices by the covariant vector Ca, and all impedance matrices by the 
tensor of valence 2, In that case the large number of matric 

equations may be replaced by the single tensor equation Ca = Zapi^ (or 
in direct notation e = Z*i), That is, it can be postulated that: 

If the matric equation of a particular physical system is known, the same 
equation is valid for a large mimber of physical systems of the same nature 
{for which a group of transformation matrices C"- may be established) if 
each n-matrix is replaced by an appropriate tensor. 

It cannot be sufficiently emphasized that the key to the tensor equa- 
tion is the existence of the group of transformation matrices C^' with 
the aid of which the ordinary equations of any system can be changed 
at will to those of any^ other system. It is incorrect to say that a matric 
equation is valid for, say, all networks. In order that a symbolic equa- 
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tion, say Z' = Zi — Z2*ZJ^*Z3, should be valid for all networks, it is 
absolutely necessary to know how to establish the components of each of 
the symbols Zi, Zo, Z3, Z4, and Z' for any particular network with the 
aid of C from those of any other network by means of definite laws of 
transformation. But, if C is knowm, and Zi, Zg • • • each has definite 
laws of transformations, the latter symbols are not “matrices” but 
“tensors,” actual physical entities. 

Once the solution to a problem is expressed in a tensor equation, 
again, for any particular physical problem: 

1. Each tensor must be replaced by the components along the 
reference frame in question, namely, by an w-matrix. 

2. Each w-matrix must be replaced by its algebraic letters. 

3. Each letter must be replaced by a number. 

Further Generalization Postulates 

Since the second postulate refers to physical systems of the same nature 
(or reference frames of the same nature), the question arises what 
happens if the physical systems are of different nature; say one is a 
stationary network, the other a rotating machine; or one has a recti- 
linear, the other a curvilinear, reference frame. For such extensions 
further generalization postulates can be established that will be cov- 
ered subsequently. 

In general, the greater the saving in thought and labor in the inter- 
mediary steps, the more routine work has to be left to be performed at 
the end of the analysis. In the solution of any problem about the same 
amount of numerical work has to be performed with or without the use 
of algebra; the same is true about the use of tensors. Both algebra and 
tensors are thought-saving and not arithmetic-saving tools. They 
avoid the necessity of learning a new trick for every problem. 
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THE PRIMITIVE ROTATING MACHINE * * 

Reasoning with the Aid of the Generalization Postulates 

Let a single coil, in which the instantaneous current i flows, move 
with an instantaneous velocity pQ in a magnetic field. A stationary ob- 
server is able to establish from several numerical experiments (with the 
aid of the preliminary postulate) algebraic equations for the voltage and 
torque in the coil. These equations are 


e==Ri + ‘^ + Bpe 
dt 

16.1 

f = iB 

16.2 


where is thtfiux linkage of the coil and B is the^i/x density (different 
from <p) that the coil cuts. 

Let a particular rotating machine with stationary reference frames be 
considered, say an amplidyne, in which several coils have the same in- 
stantaneous velocity pQ. (To simplify the problem, first the equations 
of owe machine are developed so that only one p6 occurs, also only sta- 
tionary reference frames. The extension for several pO and for rotating 
reference frames requires more advanced concepts of tensor analysis.) 

By the first generalization postulate, in terms of matrices the above 
equations assume the form 

e- = R'i -| — - — h BpB 16.3 

dt 

f = i-B 16.4 

where e, i, <p, and B become 1-matrices and R becomes a 2-matrix. 

By the second generalization postulate, the equations of all rotating 
machines with stationary reference frames become, in terms of tensors, 

e = R.i + ^ + B^>0 -H ~ 16-5 

at dt 

/=i-B / 16.6 

*A.T.E.M., Part III, p. 24. 
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if, and only if, the group of transformation matrices exists by which 
the equation of any machine may be established from that of any other. 

It should be noted that the reference axes are restricted to be all of 
the same type, namely, all stationary in space. 

The Method of Attack 

{a) The second postulate suggests that, in order to establish the 
equations of any machine, first from the fundamental laws of electro- 
dynamics let the equations of another machine, say the “primitive'' 
machine, be established whose equations are comparatively easy to deter- 
mine. Then, by setting up a between the primitive machine and 
any other machine, the equations of the latter can be established in a 
routine manner, without starting its analysis all over again from 
fundamental laws. 

The study of rotating machines (just like the study of general net- 
works) will consist then of three main steps : 

1. The establishment of equations of the primitive machine. 

2. The establishment of C for each machine, showing how the 

given machine differs from the primitive machine. 

3. The routine determination of the performance of any machine. 

(&) Because for special types of machines special labor-saving devices 
can be introduced, the study of some of these will also be undertaken. 
All the labor-saving methods for general networks will be used in ro- 
tating machines, in addition to new ones. These old devices are : 

1. Permanently short-circuited meshes (with or without impressed 
voltages) are eliminated. This step decreases the number of variables, 
without, however, changing the degree in ^ = dfdt. 

2. Magnetizing currents are eliminated. This step decreases the 
number of variables, also the degree in p = d/dt. 

3. Hypothetical design constants (such as “bucking” reactances) are 
introduced. This step decreases the number of design constants. 

4. Hypothetical reference frames (such as “symmetrical compo- 
nents”) are used. This step decreases neither the number of variables, 
nor the degree in p, nor the number of design constants. However, it 
decreases the number of terms (components of Z) and thereby simpli- 
fies the inverse calculations. 

5. In balanced polyphase machines all but one phase are eliminated. 
This step decreases greatly the number of variables, the degree in p, 
the number of design constants, and the number of terms. 
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Representation of a “Layer of Winding” 

The primitive rotating machine consists of a cylindrical stator and a 
rotor, each equipped with several concentric layers of windings. The 
stator has two salient poles; the rotor is smooth. The 
simplest element is now not a “coil” but a “layer of 
winding.” For the sake of simplicity, a two-pole, two- 
phase machine is con.sidered. 

On the stator a layer of winding will usually be rep- 
resented by two coils, one on the salient pole and 
another at right angles to it between the two poles 
Fig. 16.1. Rep- 16.1). On the rotor a layer of winding will be rep- 
stator^and rotor ^^sented by a closed drum winding with two sets of 
layer of winding, brushes on it, one along the field pole (direct axis) and 
one at right angles to it (quadrature axis). Through 
the direct axis brush flows through the quadrature axis brush 
flows (A machine with a structure such as Fig. 16.3 is, for 
instance, the amplidyne.) 



Phase-Wound and Squirrel-Cage Rotors 

(u) D-c. and a-c. commutator machines do have rotor layers of wind- 
ings equipped with commutators. It can be shown that phase- wound 
and squirrel-cage rotors also can be represented by a closed drum wind- 
ing with two hypothetical sets of brushes at right angles in space, that 
serve as reference axes. 

If a cross section is made of such a winding, it can be assumed that at 



Fig. 16.3. Physical repre-sentation of 
and i'‘. 



any one instant the ciirrewf-density wave is sinusoidally distributed in 
space (Fig. 16.2a). This current will be represented by a vector i drawn 
in the direction of the flux produced by the current. As time goes on, 
this vector changes its magnitude and direction. The projection of this 
current (or rather m.m.f.) vector along the salient pole (direct axis) will 
be denoted by and along the interpolar space (cjuadrature axis) by 
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Similarly an instantaneous generated voltage e in the winding (Fig. 
16. 2&) will be assumed to be sinusoidal in space and is represented in 
exactly the same manner as the current i- 

ih) A physical interpretation may be given for and by assuming 
two hypothetical sets of brushes on the rotor (Fig. 16.3). Then / is 
assumed to flow through the direct axis brushes and through the 
quadrature axis brushes. Only in commutator machines have these 
brushes actual physical existence; in synchronous and induction ma- 
chines they serve only as a reference frame along which the actually 
existing current vector is projected. 

(c) To summarize, in the rotor of a commutator machine and 
each has actual physical existence, but their resultant in space, i, is 
hypothetical. On the other hand, in a phase-wound or a squirrel-cage 
rotor the resultant i has an actual physical existence, and its two 
components, and i®, are hypothetical quantities. 

The Primitive Machine 


A rotor layer of winding with true or hypothetical brushes may be 
considered to consist of two hypothetical coils at right angles (Fig. 16.4). 



(a) 0>) ic) id) 

Fig, 16.4, Four different representations of a rotor layer of winding. 


While the conductors forming these coils rotate, the resultant coils be- 
tween the brushes are stationary ; that is, the coils are composed of dif- 



(fl) (b) 

Fig. 16.5. The primitive machine with four layers of windings. 

ferent conductors from instant to instant. (In practice the coils are 
shown by dotted lines. Fig. 16.4d.) 
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Since every layer of winding may he represented by two coils at right 
angles, the “primitive” machine consists of two sets of coils at right 
angles in space (Fig. 16.5). To simplify the equations, usually only one 



(o) (&) 

Fig. 16.6. The primitive machine with two layers of windings. 

layer will be assumed on the stator and one on the rotor — four coils alto- 
gether (Fig. 16.6). The generalization of all equations from four coils 
to n coils is obvious. 

Generated Voltages 

(a) In the primitive machine let a current flow in the stator direct 
axis winding in the positive direction (producing a positive flux), and 
let the rotor rotate clockwise. The question to be investigated is : What 
are the voltages induced and generated in the four windings due to the 
presence of the single current. The self-inductance of the coil is Ldi, 
its mutual inductance with the rotor is Md (Fig. 16.7). 



E ind 

Fig. 16.7. Current Fig. 16.8. Induced and generated 

flows. voltage due to i*. 


1. Assuming the rotor stationary and the current varying, voltages 
are induced only along the direct axis windings d., and d^. In the stator 
ds appears e = Ldspi^^, and between the direct axis brushes d^ appears 
e = Mdpi^^. 

2. Assuming the current constant and the rotor rotating with a 
velocity pd, generated voltage exists only between the brushes along the 
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quadrature axis namely, e = where M'^ is different from 

Md and represents the proportionality factor between the generated 
voltage e and pd. This factor M'd will be called here the “mutual 
inductance” between the axes ds and due to the existence of rotation. 
The proportionality factor M'd between e and pd will be called here 
the “flux-density wave” B. 

In a commutator machine all these induced and generated voltages 
can be measured and the constants Lds, Md, and M'd ascertained by test. 
In a phase-wound or squirrel-cage motor these constants can also be 
determined from measurements or design data. In the latter machine 
the corresponding induced and generated voltages can be represented 
by Lenz’ law as space vectors, as shown in Fig. 16.8. 

These internal generated voltages due to (also the resistance drop) 
may be tabulated as 


^ds — ( ^ds Bdsp')i'^ 
Edr = -Mdpi'^ 

E^r = M'dpei<^^ 

E,, = 0 


-Tds — Ldsp 


—Mdp 


Maps 


16.7 


Q}) If positive currents are assumed to flow in each of the four coils 
and the voltages due to the presence of each coil current are similarly 
tabulated, the resultant impedance matrix for the primitive machine 
becomes 

ds dr qr . Qs 


ds 

dr 

Zg == 

qr 




16.8 

so that the generated voltage equation is = Zg*i. 

That is, the Zg of the primitive machine is the same as the Zg of a 
d-c. machine with two sets of brushes at right angles. 


Ldsp 

-Mdp 

0 

0 

ds 

Eds 

— Mdp 

-Tr- LdrP 

-L'grpd 

—MqpO 

dr 

Edr 

Mdpd 

LdrpO 

-Tr - LgrP 

-M^p 

eg — 

qr 

Eqr 

0 

0 

-M,jp 

-Tqs Lqsp 

qs 

Eqs 
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In establishing Zg it has been assumed that each coil has the same 
number of turns. The inductances L and r may l)e measured in hen- 
ries or in any per unit system. The instantaneous velocity pd repre- 
sents in general the number of electrical radians descril)ed per second. 

These basic equations are used by central-station engineers (Park, 
Crary, Concordia, and others) for the study of synchronous machines. 

(c) Induction-motor engineers usually know the impressed voltages 
e on the motor; hence they prefer to use the negative of the above 
equations 

-Cg = -Zgd or e = Z*i 16.9 

where Z is the negative of Zg. 


d. 

dr 

qr 

q* 

da Tda -h Ldsp 

MdP 

0 

0 

dr Mdp 

Tr + Ltlrp 

LqrpO 

MqpO 

qr -M'dpo 

—L'drpd 

fr + LqrP 

Mqp 

qa 0 

0 

MqP 

rqt 4“ Lq^p 


(In machines with smooth air gapsi^r = and Md = = M.) 

Also 

dr qr q» d, dr qr qt 

e — ^dr I ~ ~~^ds ~^(is 16.11 

where the symbols e represent impressed voltages and 

dj dr qr Qj 


Hence the impressed-voltage equations of the primitive machine are 
Bds = {rds+LdSi^+ Mdpi^^ 

edr= Mdpi^^+{rr+Ldrp)i^^+ L[rpBi’^^+ M[pei^’‘ 

v= -M'dPei^^- L'drPei^^+{rr + L,rP)i'‘^+ 

6qs — Mqp i'^^-\~{rqs-i-LriSp)i'^^ 

{d) As the order in which the axes are considered is arbitrary, any 
other order may he assumed at imll. For instance, in using symmetrical 
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components, sometimes it is more convenient to assume the order 
ds, qs, dr, qr so that 



ds 

q* 

dr 

qr 

4 

rds + Ldsp 

0 

Mdp 

0 

qs 

0 

Tqa -p Lqsp 

0 

Mqp 

dr 

Mdp 

Mgpe 

Tr -h LdrP 

L'qrPe 

qi- 

— Mapd 

Mgp 

—■LarpO 

+ Lgrp 


Component Tensors of Z 

(a) The above impedance tensor consists of the sum of three tensors : 

1. The coefficients of all are denoted by L. 

2. The coefficients of all pB are denoted by G. 

3. The remaining terms are denoted by R. 



1. The resistance tensor R contains the resistances of the four wind- 
ings. 

2. The inductance tensor L contains the self and mutual inductances 
of the four windings. (There is no mutual inductance between the 
direct and quadrature windings.) The inductance tensor L = plays 
a fundamental role in tensor analysis and Is called the “metric tensor." 
In dynamical studies the metric tensor is denoted by Uqjs and in geom- 
etry by 

3. The torque tensor G contains the mutual Inductances existing 
because of rotatio7i (such mutuals exist only between d and q coils). 

(5) In terms of the three tensors 

Z = R -f Lp + pBG 1 Za^ = Ro^ + Loi^P + pBGa^ 16.15 
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so that e = Z-i may be written as 

e = R-i + L-;^i + pOQ-i j -f + pOG^^i^ 16.16 

Physical Tensors 

(a) From the basic tensors R, L, and G (containing design con- 
stants), other tensors may be derived expressing physical entities. Two 
of these tensors are: 

1. The flux-linkage vector (p representing the resultant flux linkages 
of each winding 

P = L-i 1 ipa ~ 16.17 

2. The flux-density vector B representing the resultant flu.x density 
cut by each coil 

B = G-i I 16.18 

In terms of these vectors 

e = R-i + p<p + Bpe I e„ =* + p<pa + Bape 16.19 


(6) For the primitive machine 



The flux-density Vector B represents only the rotor flux densities that 
produce generated voltages and torques. The stator flux densities play 
no role in these equations. 

In terms of p and B the equations 16.19 of the primitive machine are 
eds = 'Tdai'^ + pepd, 

Sdr = + Ppdr “f BdrpQ 

16.21 

V ~ + P^qr + B^rpO 

^qs ~ rqsi^^ pipqs 

(c) Since the electromagnetic torque upon the rotor (in the direc- 
tion d) is 


/ = i-B I / = 


16.22 
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substituting the value of B, the instantaneom torque is 

j = \>0’i\f = 16.23 

The Rotation Tensor 

(a) In phase- wound and squirrel-cage rotors it is assumed that the 
current-density and flux-density waves are sinusoidally distributed in 
space. In that case M' = M and L' — L. Also G may be expressed 
in terms of L as 



A similar relation exists between the fiux-density wave B and flux- 
linkage wave (fi 

B \ Bci = ya<pp 16.26 



Fig. 16.9. Rotating a vector by 90° 
with the aid of 7j. 

(b) The tensor Y is called the “rotation tensor” as it rotates a vector 
in space by 90 degrees. For instance, if in Fig. 16.9 
d q 



Hence in each layer of winding the flux-density wave B is at right 
angles in space from the flux-linkage wave 
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(c) In a commutator machine V/ has 7io existence, G has no relation to 
L, and B is independent of <p. 


More General Forms of Z 

{a) When the rotor rotates in the opposite direction (counterclock- 
wise), Fig. 16.10, then pd become.s negative and 


d, dr Qr Q/I 


rrf. + hasp 

Map 



Map 

Tt -r Ldrp 

-L'qrpO 

-M',p0 

MaPO 

L'arpo 

Tt -f Lqrp 

Mqp 




+ Lqsp 



Fig. 16.10. Primitive machine of Z. 

The equation of voltage becomes 

e = Z*i = R-i-l-^^- BpO | + p^^ - B^pO 16.28 

(&) When zero-phase sequence currents flow in the stator layer, or 
rotor layer, or both, an extra row and column are mtrodticed in Z jor each 
zero-sequence current and an extra coil in the primitive machine. Then 



ds 

dr 

qr 

q. 

0, 

Or 

ds 

rds + LdsP 

Map 





dr 

Map 

T'r + Ldrp 

LqrpO 

M'qPO 



qr 

-M'ape 

Ldrp 6 

rr + Lqrp 

MqP 



q® 



MqP 

rgs Lqsp 



Os 





Tsa + LsGp 


Or 






rrO + LrOp 


That is, now three axes exist on each layer of whiding, d, q, and 0. 
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(c) With two layers of windings on the stator and rotor, Fig. 16.5 
(but no zero-sequence currents), the Z is shown in equation 16.30. All 
components containing p represent L; those containing p6 represent G; 
and the rest, R. 

Axes Fixed to the Rotor 

(a) It is a property of the laws of electrodynamics that they depend 
only on the relative velocities existing between the reference frames, the 
electromagnetic field, and the material bodies lying in the field. 

In the primitive machine of Fig. 16.6 (having the Z of equation 
16.10): 

1. The four reference axes and the salient pole are stationary. 

2. The smooth structure rotates clockwise. 

Hence the same Z is valid also if : 

1. The smooth structure is stationary, 

2. The four reference axes and the salient pole rotate together 

counterclockwise (Fig. 16.11). 

(b) Such a case occurs in synchronous machines (Fig. 16.12) ; hence 
the Z of equations 16.10 and 16.30 are equally valid for them, if the sub- 



Fig. 16 . 11 . Relative rotations of a Fig. 16 . 12 . Equivalence of induction ma- 
salient and smooth structures. chine and synchronous machine structures. 

script 5 refers to the .salient pole (now the rotor) and the subscript r to 
the armature (now stationary). 

However, synchronous- mo tor engineers assume that the salient pole 
(and the reference frame) rotates clockwise (or rather from d to q); 
hence it is the Z of equation 16.27 that corresponds to this convention. 
Since usually amortisseur windings (axes k) exist in both direct and 
quadrature axes, a primitive machine with at least five axes appears in 
synchronous-machine studies. Hence extending equation 16.27 in the 
manner of equation 16.30, and replacing the subscripts s by f (field) and 
k (amortisseur) also r by a (armature), the Z to be used in synchronous 
machine studies is 
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d^ 

dk 

da 

la 

q* 

d/ 

-r/ - Lfp 

-Mfkp 

—Mfdp 



di 

— Mfkp 

— Ykd — LkdP 

-Mkdp 



d. 

-Mfdp 

\ -Mkdp 

—r — Ldp 

L^pd 

Mkqpd 


—Mfdpe 

— MkdpS 

—LdpO 

-r - Lqp 

-Mkgp 

qi 




-Mkqp 

Cfcg Lkqp 


If G is formed (Table V) from the coefficients of in Zg (equation 
16.31), then i-G-i = i*B represents the electromagnetic torque on the 
stator in the direction ^ since B now represents the flux-density wave of 
the stator. 

It may be mentioned that tha direction of q may be reversed as shown 
in Fig. 16.13c, and a counterclockwise rotation (still from dto q) may he 
assumed. All equations, however, 
remain the same with both con- 
ventions. 

(c) When several machines are 
interconnected, some rotating 
clockwise, some counterclockwise, 
then appropriate Z (or Zg) has to 
be used for each. For future ref- 
erence, Table V has been con- 
structed for Z and Zg containing two directions of rotation. For each 
type of machine and for each direction of rotation Z = — Zg. 

(d) Even though the Z of a synchronous machine refers to a reference 
frame that rotates, inasmuch as the fouraxesare relatively stationary with 

rPQnprr to pa nil rvth pr Vintli naepe; will Kpnallprl “ctatinnai-ir” avpc mpaninrr 



ijb) {c) 


Fig. 16.13. Three different representa- 
tions of a synchronous machine. 
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TABLE V 

N’D G Tensors of the Primitive Machine with Variou< 
Directions of Rotation. 
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The G teijsor can also be divided into two components Gg and G^ 

G = Gg + Gr 16.33 



so that 

/ = ir*Gs-ig + ir*Gr’b 16.35 


(b) Now, if the machine is smooth, Lqr - L^r = Lr, and the torque 
due to the rotor currents alone is zero. 

ir'Gr'ir = = 0 16.36 

and the torque becomes 

/ « b-Gg.ig 16.37 

In machines with salient poles, the torque 

/ = v-G.-b = - Ldr) 16.38 

is the so-called reaction torque introduced by the saliency of the poles. 

(It must be remembered, that Gs and G,. are no longer tensors and 
they cannot be introduced if, for instance, the equations are intended 
to be used for establishing equivalent circuits.) 






CHAPTER 17 

■TRANSFORMATION TENSOR* 

Interconnecting Coils 

(a) The primitive machine consists of several isolated coils, each with 
an e.m.f. (mostly of zero value) impressed upon it. It differs from the 
primitive stationary network only in one respect. Its coils are arranged 
at right angles in space, thereby having mutual inductances only be- 
tween coils along the same axis (as if it consisted of two isolated multi- 
winding transformers). Because of the permanent spatial arrange- 
ment, it is not necessary to denote the ends of the coils by 1-2. 

■ 0 -© © 

(a) (b) (c) 

Fig. 17.1. Representations of a short- Fig. 17.2. Representation of a squirrel- 
circuited brush set. cage winding. 

If the stator and rotor coils of one or more primitive machines are in- 
terconnected in any manner with each other or with some stationary 
network, the steps in establishing C are exactly the same as In sta- 
tionary networks. 

(b) A set of brushes short-circuited upon itself is represented by a 
heavy line, Fig. 17.1. 

A squirrel-cage winding is represented by two sets of short-circuited 
brushes at right angles (Fig. 17.2). 

The Turn-Ratio Transformation C 

(a) If the constants of the primitive machine are calculated by as- 
suming that all coils have the same number of turns, then when two 
coils are connected in series, their turn ratio must be considered. 

*A.T.E.M., Partin. 
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Let the current in a conductor be i (Fig. 17.3). If the conductor is 
subdivided into n small but equal conductors, the current in each is i’, 
so that the relation 

i = ni' 17.1 



Before After 
subdivision, subdivision. 

Fig. 17.3. Changing the number of 
turns. 


oSIGo 

bgll 

tic nd 

PH fJ1 

c d 

Fig. 17.4. Coils with different number 
of turns. 


represents the transformation of increasing the number of turns of a 
coil by n. When in the primitive network of Fig. 17.4 coil b has unit 
turns, while the others have a different number, then 


a' b' c' d' 



If the coils are now interconnected by Cs, then C = Ci-C 2 . 



(a) Given network. (i>) Primitive system. 

Fig. 17.5. Interconnection of a rotating machine with a stationary network. 


Because of the simplicity of Ci, it is usually possible to set up Ci -Ca 
in one step. When in doubt, C should be set up in two steps. 

(i) For instance, let a motor be interconnected with a stationary net- 
work as shown in Fig. 17.5c. 






136 


TRANSFORMATION TENSOR 


The primitive network has eight currents (one for the impressed 
voltage that happens to have zero impedance in series with it). The 
given network has five currents. Equating the old and the new currents 
flowing in each coil (assuming coils d*, dr, qr» and a to have unit turns) 




di 

dr 

qr 

qs 

c' 

d. 

1 





d. 


1 




Qr 



1 



q* 




%q 


a 

1 





b 

1 




-1 

c 





Wc 

d 




-nd 



In many rotating-machine problems the primitive system is so obvi- 
ous that it is not necessary to make a special drawing such as Fig. 
17.5&. 


Rotation of the Rotor Reference Frame 

(а) There is one procedure that is performed with the coils of the 
primitive machine, but not performed with the coils of the primitive 
stationary network, and that is the rotation of the coils in space, or 
rather the rotation of the brushes in space. (In stationary networks 
the spatial position of the coils was not considered.) 

The following analysis is valid in commutator machines only approx- 
imately, as the current-density and flux-density waves are assumed to 
be either sinusoidal or at least replaceable by a sinusoidal wave for each 
position of the brush set. In the latter case all angles are not true, but 
equivalent angles. 

(б) Let a cross section of a rotor layer of winding be taken , Fig. 1 7 .6a, 
and let it be assumed that at a certain instant the current vector i is at 
the position shown. If the machine is the primitive machine, i is pro- 
jected along the d and q axes to give and (Fig. 17.6&). 

In many actual machines the twm sets of brushes m and n are at a 
constant angle a from d and q ; hence in them i is projected along m and 
n as and i". That is (Fig. 17.6c), 

1. The old projections of i ard and 

2. The new projections of i are and f”. 
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(c) The problem is to express the old components and 7® in terms 
of the new components and i". 

From Fig. 17.6d it is evident that 

m n 



(c) Current {b) Old (c) New (d) Old projections 

vector. projections. projections. in terms of new. 

Fig. 17.6. Projecting the current vector i upon two sets of reference frames at an 
angle a. 

The coefficients of the new currents give C that changes the current 
components from d and q to m and n but leaves the current vector i 
itself invariant (unchanged). 

Special Cases 

With one set of brushes m on the rotor (Fig. 17.7) = 0 and 


m 



(a) (b) (a) (b) 

Fig. 17.7. One set of brushes i = i™. Fig. 17.8. Brushes shifted at different 

angles, i = + i”. 

When one of the sets of brushes is shifted by an angle a, the other by 
an angle jS (Fig. 17.8), then 
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m n 


cos a — sin )3 

d cos a 

c — 

—sin |8 

sin a + 4 " cos ^ 

q sin a 

cos )S 


When the angle of the set of brush (the reference axis) is not a con- 
stant a but a function of time B, the C is the same as above except that 
a is replaced by 0 . 

With /owr sets of brushes on a layer of winding (Fig. 17.9) it will be 



q 

(a) (&) 

Fig. 17.9. Four sets of brushes on a layer i = (i*” -|- -f*) -h ij? + i®). 


assumed that the resultant current i is the sum of the currents flowing 
through the four sets. Hence 


m n p q 


cos a 

—sin a 

cos B 

—sin |8 

sin a 

cos a 

sin /3 

■ cos (3 


Establishing C in Several Steps 

When the brushes are rotated and interconnected with other coils, it 
is better to perform the transformation in two steps. First, the brushes 



Fig. 17.10. Leblanc FiG. 17.11. Shifting the brushes 

advancer. by an angle a.. 


are rotated by Ci, then interconnected by C 2 . The product Ci 'C 2 per- 
forms both operations at the same time. With other complications 
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(such as different turn ratios) additional C’s may be established. For 
instance, let C for the Leblanc advancer (Fig. 17.10) be developed in 


three steps: 

1. Changing the turn ratios. 



Cl 


d* dr qr q* 



17.8 


2. Shifting the brushes (Fig. 17.11). 


^dr _ ^ ci — jn gjj^ ^ 

sin a + cos a 



3. Interconnecting coils. 




d. 

q» 


ds 

qs 


d, 

1 


d. 

a 


r = 

p 

II 

» 0 

1 


dr 

C = Ci'Co'Cs = 

qr 

cose 

-sine 



1 

sin a. 

cos a 


qs 


1 

qa 


a 


17.10 


The resultant C is Ci •C 2 *C 3 . 

Rotation of the Stator Reference Frame 
(a) It should be noted that, while a rotor layer of winding is assumed 
to be symmetrical around the circumference, on the stator the d winding 
(the d component of the layer) has different constants from the q 
winding. Hence, when the stator windings are shifted at an angle a, 
the rotor transformations have to be modified. 
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A stator winding m shifted at an angle a (Fig. 17.12) has to be con- 
sidered to lie on a separate layer from the other windings, and it has to be 
derived from a primitive machine having an extra stator layer with a 
d and a q winding. 



Fig. 17.12. Stator coil at an angle. Fig. 17.13. Shaded-pole motor. 

For instance, C of a shaded pole motor is (Fig. 17.13) 


ds2 m drt q^i 



(b) If the stator has a winding with the same constants along the d 
and q axes (as in a polyphase induction motor or alternator), then the 
reference frame on such a winding may be shifted in exactly the same 
way as on the rotor. 

The Unit Transformation Tensor 

(a) Many standard machines are identical with the primitive ma- 
chine, containing various numbers of layers with various numbers of 
axes. For such machines the transformation tensor consists of the unit 
tensor having different numbers of axes, as shown in Table VI. Of 
course in such machines Z' is not found by CfZ • C but is simply picked 
out of Z of the primitive machine (Table V) by removing various rows 
and columns. 
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For instance, for the single-phase induction motor (Fig, 17.14) Z' is 
found by simply removing the row and column of from Z of the 
simpler primitive machine, equation 16.10, 



d. 

dr 

Qr 

d* 

n -b Lap 

Mp 

0 

V = 

Mp 

Yr -f- Lrp 

Lrpd 

qr 

-MpB 

-LrPO 

Yr -f- Lrp 


For the double squirrel-cage induction motor (under unbalanced op- 
eration, say a sudden short circuit on one of the stator phases), Z is 


<‘st^ 



Fig. 17.14. Single- 
phase induction 
motor. 


given in equations 16.30. (For balanced polyphase operation this Z is 
simplified as will be shown presently.) 

(&) In some cases, such as the split-phase induction motor (Table 
VI-5) , the unit tensor has to be multiplied by a turn-ratio tensor. That 
is, the diagonal units are replaced by constants. 

A capacitor motor is the same as the split-phase (or asymmetrical) 
induction motor with a condenser 1/^C in series with axis qs that, of 
course, is simply added to Lg^sp (without the intermediary step of 
CrZ-C). 
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PERFORMANCE CALCULATIONS 
Calculation of the Currents 

(a) In most machines the interconnection of coils has such a simple 
form that the e' i/eclor of the given network can he written down immedi- 
ately without the intermediary step of e' = Cj-e. 

{b) The form of Z' depends on the components of the impressed volt- 
age. The components of e' may in general assume three different 
forms: 

1. In sudden short circuits they contain the Heaviside unit func- 
tion 1. 

The Z’ calculated by C«*Z*C is used without any change. In all 
machines with stationary reference axes Z' is not a function of 0 and Y' — 
Z'~^ can he solved with the aid of the expansion theorem without any further 
operational transformation (such as shifting). That is, with the present 
method of attack the sudden short-circuit calculation of all rotating 
machines with stationary axes (if their speed p9 is maintained constant) 
is reduced to the simplicity of analysis of stationary networks with 
lumped resistances and inductances. 

2. In a-c. steadystate the components of e' contain complex numbers. 

In that case all p in Z' become jco, where oj is the frequency of the im- 
pressed voltage. Hence: 

(a) All induced voltage terms become 

pL ~ jusLs = jXs and pM = jwikT = jXm, 18.1 

(&) In all generated voltage terms, pO becomes voi, where v = (actual 
r.p.m.)/(syn. r.p.m.) and 

pdLsd = vuLg = vXs and pdM = vcoM = vX^ 18.2 

3. With d-c impressed voltages, the components of e' are constant 
and p = 0. 

The currents in all cases are found by i' = Z'~^ • e'. 

Calculation of Torque 

(a) The torque tensor G' may be established quickly by simply consider- 
ing those components ofZ’ that contain p6. In case of doubt G' is estab- 
lished from G of the primitive machine by CrG*C. 
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(b) Once i' and G' have been calculated, then: 

1. In sudden short-circuit or d-c. calculations the instantaneous 
torque is 

/ = i'-G'-i' 18.3 

2 . In a-c. steady-state calculations the steady component of the 
torque is from / = i**B (in analogy with the definition of P = i*.e). 

/ = real part of i*-Gcu*i I 8.4 

The oscillating component is found if each component of i is substi- 
tuted not as a complex number ii + /«2 but as an instantaneous value 
V2(^i sin at -f ^'2 cos at). The resulting expression will contain both 
steady and oscillating components. 

a is introduced to express the torque in synchronous watts. The 
total torque is changed from synchronous watts Tsw to pound-feet 
Tpfby 

_ Taw X 33,00Q(number of poles) 
liril X 60 X frequency) 746 

Example of a Repulsion Motor 

(a) As an example let the transient and steady-state equations of the 
repulsion motor (Fig. 18.1) be established. The transformation tensor 
is 


ds a 



(a) Repulsion motor. (6) Its primitive- 
Fig. 18.1. 


The Z of the primitive machine is (because of the smooth air gap 
= Lgr = Lr, etc.) 
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da dr qr d, a 



The torque tensor is found by taking the coefficients of all pB. 

(b) Let a unit function be impressed on the stator (that is, let the 
stator be suddenly short-circuited). Then 


ds a 



where 

D = {LsLr - j¥^ cos^ a)p^ + -f r^Lr + sin a cos a pd)p + TsTr- 


If the determinant is equated to zero, self-excited currents flow with- 
out the presence of an e.m.f. when the coefficient of the p term becomes 
zero. That may occur when a becomes sufficiently negative, so that 

TrLs + r^Lr — sin a cos a p6 

With an applied e.m.f. 



Since a and pd are constant, the currents can be solved by the expan- 
sion theorem. 

Once the currents and have been found, then the instantaneous 
torque is 


f=V.Q'.i' = 


18.10 
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(c) When an a-c. terminal voltage is applied on the stator, then, 
replacing p by jw and pd by vu, 


dj a 



where 

D = {Trr, + Xi cos^ a - XM + j(rrXs + + vXi sin a cos a). 



Sign Convention of Central-Station Engineers 

(a) The sign convention of synchronous-machine engineers differs 
from that of induction-motor engineers in the following respect: 

1. The salient pole rotates instead of the armature; hence p6 has 
opposite sign. 

2. Not the impressed voltage equation e = Z-i is written but the 
generated voltage equation 

eg = Zg-i or — e = —Z-i 18.15 

Zg of the primitive machine is given in Table V. 
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It is well to remember that; 

(a) The right-hand side of the equation, Zg«i, represents all infer- 
nal generated voltages of the machine in question. 

(b) The left-hand side of the equation, eg, represents all voltages 
generated external to the machine in question. That is, eg = Zg-i 
represents the relation: 

External generated voltages = Internal generated voltages 

3. The symbols e and E represent not impressed voltages but gener- 
ated voltages, so that the components of eg have positive signs (thereby 
those of e negative signs) as 



d/ 

d„ 

qa 

<1/ 


d/ 

d. 

qa 

q/ 

e« = 1 

k 

ea 


□ 

1 e = -eg = j 


-ed 


□ 


Hence the signs on both sides of their equations are the opposite of those of 
the equations as they would have been written by induction-motor en- 
gineers. 

4. The equations are written for the synchronous generator and not 
for the synchronous motor. 

(&) In addition to the sign convention, the symbolisms of the engi- 
neers also differ. In particular, whereas induction-motor engineers use 
ohms and henries, synchronous-motor engineers use a per unit system. 

In that system the unit of time is not the second but the time it takes 
for the field to describe 1 radian. This unit is l/27r/part of the second; 
correspondingly all values of L in henries are multiplied by Ivf. Be- 
cause of the numerical identity of L and X, in the per unit system induct- 
ances are denoted by X instead of L. 

Cg Due to Infinite Bus 

Since the armature a.xes da and qa of a synchronous machine rotate, 
the armature components of e^, namely e^ and Cq (equation 18.16), do 
not remain constant as the load on the synchronous machine varies. The 
values of e^ and e^ depend on the system to which the machine is con- 
nected. 

As one of the many possibilities, let an alternator (synchronous gen- 
erator) be connected to an infinite bus. An infinite bus may be con- 
sidered an alternator whose armature impedance Ldr, Lqr is zero. 

It will be assumed that the field of the alternator leads the field of the 
bus by angle 5 = — 0^. 
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From Fig. 18.2 the total internal generated voltage in the armature 
of the bus he = —i^MpB and is due solely to its constant field excita- 
tion (as its r and L are assumed to be zero). Since contains all 



(a) Alternator. (b) Infinite bus. 

Fig. 18.2. Synchronous machine connected to infinite bus. 

generated voltages that exist outside the given alternator, ea — e sin 5, also 
e^ = e cos S ; hence 


df da qa q/ 



All three components are constant. At no load 6 — 0, and as the load 
on the alternator increases, 5 increases. When the generator becomes a 
motor, 6 becomes negative. 

Since E along the field dj is an external generated voltage, the current 
due to it, hence its field flux, is also negative, as shown in Fig. 18.2. 


EXERCISES 


1. Find C of the machines of Fig. 18.3. 



(a) Repulsion motor. {b) Amplidyne. 


Fig. ; 

are the transient currents i' in the stator 
torque? 


2. Find the transient Z' of the ampli- 
dyne. Find f”* and t”. What is its 
torque in terms of and t”? 

3. What are the Z and G- tensors of 
the synchronous machine with no amor- 
tisseur winding? 

4. Find the transient and steady- 
state Z'and G'of the repulsion motor 
in problem 1. 

5. If the stator of the above repul- 
sion motor is suddenly short-circuited 
(with p6 remaining constant), what 

and rotor? What is the instantaneous 
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TRANSIENT STABILITY OF REGULATING DEVICES 
Small Changes in Currents 

(a) Interconnected rotating machines and stationary networks (in 
conjunction with mechanical devices) are used also in follow-up mech- 
anisms and regulators where they are called upon to bring some dis- 
turbed system back into equilibrium. During this corrective period a 
small change of current Ai is superimposed upon a steady-state value. 
But, as long as the speed of the rotating machines remains substantially 
constant, the equation of the corrective device can be written during the 
change as 

Ae = Z-Ai 19.1 

where Z is calculated as shown hitherto. In such systems the deter- 
minant of the transient Z (containing p) may be investigated by 
Routh’s criterion (to be shown presently) to find out whether the sys- 
tem is stable or unstable during the disturbance. 

(b) When a regulator is used, the given system is divided into at least 
two parts: (1) the regulating device; (2) the system to be regulated. 
The Z of each of these may be established independently of the other’s 
presence, then recombined Into a resultant system. 

Amplidyne Voltage Regulator 

(a) Let Z of the voltage regulator of Fig. 19.1a be established, whose 
terminals A-B are connected to the armature of an alternator (through 
a rectifier) and terminals C-D are connected to the field of the same 
alternator. 

The voltage-regulating device consists of an exciter whose field is in- 
fluenced by an amplidyne ^controlled through the winding 2. (This is 
only an idealized representation of the actual control.) A transformer 
acts as a stabilizer. 

(b) The resultant regulator is divided into its component parts, the 
"primitive system,” shown in Fig. 19. 1&. The Z of the primitive sys- 
tem is 
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Amplidyne 

(o) Resultant system. (&) Primitive system. 

Fig. 19.1. Amplidyne voltage regulator. 


All induced voltages {p terms) of the amplidyne may be neglected in 
many applications, similarly and La of the exciter armature. 

The stabilizer constants Tj,, Lp, and M are calculated on the primary 
side, the latter having n times the secondary turns. That is, with the 
use of the turn-ratio tensor N, Z2 = NrZa'N, where 
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p' s' P s 



(c) The system of nine coils is interconnected into she meshes by 



(d!) The resultant system is by 

Ct‘Z'C = Cu'Z]_‘Ci 4“ C2t‘Z2‘C2 + Csj'Zs'Cs = 



f 2 3 q c p 



The stability of the system may be investigated by equating the de- 
terminant of Z to zero. Routh’s (or other) criterion may be used for 
such studies. 
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Routh’s Criterion 

If the determinant of any transient Z is equated to zero, it can be ar- 
ranged in descending powers of p as 

asp^ -f a4:p^ + a^iP^ + a,2p^ + aip^ + do = 0 19.7 

where the a’s are real numbers. 

The steps in determining the stability of the system are as follows: 

1 . Write down the coefficients in pairs as 

0. 0, a, 

19.8 

o'j Oo 

2. Form the following products with the aid of the first column and 
each of the other columns. 

bi — <Z4d3 — ^5^2 I ^2 ~ d4dl dsdo 

(as many such products as there are extra columns besides the first). 
Now three rows of coefficients are available. 

05' 03 0, 

04 oz oo 199 

3. Considering the last two rows only, the previous product formation 

IS repeated. 5 ^ _ | ^ 

4. Considering again only the last two rows, the product formation is 
repeated until no more products can be formed from the last two rows. 

Now, if all the coefficients “u” or “b” are positive, the system is stable. 
If one of the coefficients is negative, the system is unstable. An unstable 
condition indicates that, if an oscillation starts for any cause, it will not 
damp out but will increase in magnitude. 

Usually one of the design constants is assumed to be variable and its 
limiting value is sought, which changes a stable system into an unstable 
one, or vice versa. 

Time Constants and Amplification Factors 

(a) In the transient-stability studies of control systems it is prefera- 
ble to replace r and L by other types of constants, called “time con- 
stants,” T = L/r, and “amplification factors,” /x = LpB/r. For that 
purpose, in the equation of voltage 

e = R*i + L^-i + ^ 0 G-i 19.11 

let i be replaced by R-i. That is, let the resistance drops R-i the vari- 
ables, instead of the currents i. Since multiplication by the unit tensor 
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I = R~^*R does not change the value of a tensor, equation 19.11 may 
be written as 

e = R-(R-^-R)-i-l-L^-(R-^*R)-i + ^0G-(R-'-R)-i 
e = (I-^L‘R-^p + ^0G-R-^).R-i 

L-R“^ = T = time constant tensor 19.12 

pdQ‘R~^ = |t = amplification tensor 19.13 

Then the equation of voltage may be written in terms of them as 

e = (I + T^ + 19.14 


(b) Since R and R~^ are in general diagonal tensors, mtdtiplication 
with R~^ is equivalent to dividing each column of Z by the resistance in the 
diagonal term. For instance, for equation 19.6, 
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f 

2 

3 

q 

c 

p 

e" = j 

Aef 







Since the row and column of q contains no T, it can be eliminated, 
thereby decreasing the number of /n’s necessary to define the system. 

Overall Amplification Factor 

(a) If the last four rows and columns (on which no voltages are im- 
pressed) are eliminated by Z' = Zi — Z 2 -Z 4 "“^*Z 3 , the remaining 
terms can be written as 

Lcf = -ixQ 19.17 

where mo is a function of and m* The equation shows how much a 
change' A^a (impressed on the control field) is amplified by the time it 
passes through the regulator, and it also shows how much it is delayed 
during the passage. (An ideal regulator approaches infinite amplifica- 
tion and zero time delay.) 

Eliminating the last four rows and rearranging, mo ttiay be expressed 
in the form 

Ae/ — — Ae® 19.18 

np 

(1 + r.p)(l + Tap) - TeTfP’^ 

{h) By various simplifying assumptions the degree of navap may be 
decreased. For instance, if the leakage inductance of the stabilizer (and 
all inductances in series with them) is neglected, then in the denomina- 
tor 

{TcTd - T,Tj)p^ = 0 19.19 

and the degree of mo in p decreases by 1. 

(d) In the general case when the r^ulator is connected at several 
points to the system to be regulated, equation 19.17 is written as 

Aeo = IL-Aei | Aea == m« 19.20 

where p. = Ma is the overall amplification tensor representing the rela- 
tion between the output and input voltages. (The previous p ex- 
pressed the amplification of each stage of the regulator.) 

In an amplifier the components of p. are positive; in a regulator they 
are negative. 
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EXERCISES 

1, Assume a shunt field along the short-circuited axis of the amplidyne voltage 
regulator, Fig. 19.2. Find Z of the whole system, G of the amplidyne, and the torque 
i-G-i in terms of the currents i. 



Fig. 19.2. Amplidyne voltage regulator. 


2. Find the T and H- tensors. 

3. What is the overall amplification factor of the system? 



CHAPTER 20 


ELIMINATION OF AXES 
Calculation of Z' and e' 

(a) Hitherto Z, e, and i had as many axes as the actual machine. In 
many machine problems (just as in stationary networks) attention is 
restricted to a few axes only. For instance, in a synchronous machine 
the phenomena, as viewed from the armature, are of primary impor- 
tance; hence the field axes d/ and q/ may often be eliminated. 

The elimination of axes is performed with exactly the same formulas 
as used before. If the axes of 62 and 4 (or ei and ii) are eliminated, 
then 

1 . Z of the remaining axes is 

Zi = Zi — I ^2 ~ ^4 “ Z3 ’Zj ^ 'Z2 20.1 

2. e of the remaining axes is 

6]^ = 01 — Zz’Z^.^ '^2 I ®2 ~ ®2 “ Z^'Zi^ ‘Bi 20.2 
so that the equation of voltage of the remaining axes is 

®i ~ I ®2 ~ 22‘i2 20.3 

3 . When the current in the remaining axes has been found and later 
on the currents in the eliminated axes ia are wdnted for some reason, 
they are found by 

h = ~ Zs’ii) I ii = Z]_C(ei — Z2'i2) 20.4 

(b) In rotating machines it is often advantageous to place the term 
containing the eliminated voltages, namely, -Zs-ZF^'Ci = -grei, 
not on the left-hand side but on the right-hand side of equation 20 . 3 , 
Then the eliminated voltages are considered not part of a new im- 
pressed voltage 02 but part of the new internal voltage Z4'i2, so that 
the new equations are written (in place of 20.3) 

61 = Zi’ii T g 2 *e 2 I 09 = Z 2 'i 2 + gi*ei. 20.5 

g2 = Z2*Z4^ I gi = Z^'Zi^ 

1S6 


where 


20.6 
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That is, the eliminated terminal voltages are assumed to influence 
the values of R, L, and G (or <p and B) of the machine but not the 
terminal voltage e of the remaining axes. 

When some of the axes have been eliminated, the allowable transforma- 
tions on the new system become restricted. In particular no new axes can 
be introduced that have a different velocity from the remaining axes. 
On the other hand, the remaining axes can be interconnected with other 
machines or can be shifted by a constant angle o. 


Calculation of G' and B' 

In rotating machines the question often arises, how to calculate the 
torque if some of the currents have been eliminated. 

Only two special cases will be considered. 

1. All stator (or field) currents ii are eliminated. This special case is 
important in synchronous-machine studies. 

2. All rotor (or armature) currents ig are eliminated. This special 
case is important in induction-machine studies. 

For this study the torque equation can be expressed as 

/ = il-B = i|-G-i = iJ-Gs-ii -f i2*-G4-i2 20.7 

1. When the stator (or field) current ii is eliminated, its value is 
ii ~ (©1 — Z2’i2) 

Substituting into the torque equation 

f — — Gs'Zi ^•Z2) ‘i2 “h 20.8 


The expression G4 — G3-Zf^*Z2 includes only those terms of the 
new Z' that contain p 6 , and Gs-Zf ^ includes only those terms of g that 
contain pd. 

Hence the new flux B^ after elimination is again represented by the p 6 
terms of the new equation = 0 {just as before elimination). 

The torque is found now by i' -B' and not by i' ^g' -i' since equation 20.8 
cannot be so expressed. 

2. When the rotor (or armature) current i2 is eliminated its value is 


where 


is — Z4 ^*(62 — Z3*ii) = Z4 ^*62 — A*ii 
A = Zr'-Za 


20.9 


Substituting into the torque equation 

/ = (el-Z^r' - ii •Ar)G3-ii + G4'(ZF'.e2 - A-ii) 20.10 


This is the general formula for the calculation of torque. 
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Let the following special case that often occurs in induction motor 
studies be considered. 

(a) The rotor has no impressed voltage, 62 = 0. 

(b) The machine is smooth i|-G 4 *i 2 = 0. 


Then 


/= — ii'Af-Gs-ii 


20.11 


That is, the new torque tensor is found from the old torque tensor by 

G' = -Af -Gs = -(Zr'-Z3)f -Gs 20.12 


Elimination of Field Axes of Alternators 


(a) Let the Zg and eg tensors of an alternator with amortisseur wind- 
ings k in both axes be given (equation 16.31). In order to eliminate the 
field (/) and amortisseur (k) axes d/, d*, and q*, let the order of the axes 
be changed to 



(Since the zero-sequence quantities remain unchanged throughout the 
following analysis, their equation is left out.) 

After elimination the equations become 
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©2 ~ ®2 “ ^ -ei = 

= 62 - gi-ei q 


ea - G(p)pE 


eq - G(p)peE 


20.16 


where * 

LaiP) = La 


_ {LkdM% - lAIkdMfkMfd + LfMld) +p{rfMld + ndM%) 


L,(p) = - 


p^iLfLkd — M%) + piXkdJLf H- rjLkd) + 


^kq + Lkqp 


20.17 


N pjLkdMfd — MfkMkd) 4 - rkdMfd 

” p^[LfLkd - M%) + piruLf + rfLu) + rudr^ 

Hence considering the armature axes only, their Z tensor (also R, 
L, and G) have exactly the same form after elimination of the field axes as 
before elimination, except that the open-circuit inductances La and Lg are 
now replaced hy short-circuit {or ^'operational" or "transient") induct- 
ances Ldip) and Lg{p). 

When each of the field axes has several windings on it, the above 
statement is still valid and Laip) and Lg{p) are the short-circuit imped- 
ances of the armature when looking toward 
the field. The direct and quadrature axes 
of the field then appear as stationary net- 
works with several meshes. 

(&) In design practice it is usually as- 
sumed that the three mutual inductances 
of the field, amortisseur, and armature 
are the same in the direct axis, that is 
M/d- Mkd = Mfk all denoted by Xad- In 
that case xaip) and Xq(p) may be calcu- 
lated from the equivalent circuits of Fig. 

20.1 (where xi is the armature, xj the 
field, and xm the amortisseur leakage in- 
ductance) . 

G{p) is found by impressing E in series with Xf and calculating the 
difference of potential E' across Xad- Then since G{p)pE = E' , there- 
fore G{p) = E' /pE. 

(c) Since by the sign convention of a synchronous machine 



(6) Quadrature axis. 


Fig. 20.1. Calculation of 
Xdip) = L'd and Xg^t^p) = L\ 


e = R-i p<p Bi — pe) or Cg = — e = — R-i — p(p — B{ — p9) 

20.18 


* Crary and Waring, “The Operational Impedances of a Synchronous Machine,” 
General Electric Review, Vol. 35, November, 1932, p. 578. 
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the new flux-density vector B is found as the coefficients of pe in the 
equation Zg*i — eg = 0, while the new flux- linkage vector is found 
as the coefficients of all —p terms. 



The torque is by i-B (it cannot be expressed now as i«G'i). 

/ = i-B = ML,(p) - LAP)] + i^G(p)E 20.20 

This is the torque exerted upon the armature (stationary member) 
by the currents and fluxes; hence it is the negative of the electromag- 
netic torque on the field. The expression is also equal to the impressed 
mechanical torque driving the field (rotating member), if the inertial force 
is ignored. 

The Per Unit System of Central-Station Engineers* 

(a) Central-station engineers denote the short-circuit inductances 
(since time is measured in radians) as 

Ld(p) = Xdip) r + Ld(p)p = Zdip) 

20.21 

L^ip) = xqip) r -h I^(p)p = Zqip) 

and call them “transient” or “operational” impedances. Hence in per 
unit notation Zg and e'g (equations 20.15 and 20.16) are written as 
d q 



so that the equations Cg = Zg*i (or rather 62 = gi*ei -T Z 2 'i 2 ) are 
written as 

Sd = G{p)pE - Zd{p)id + Zgip) p6ig 20.23 

eg = G{p) pdE- Xdip) pSid - Zgip)ig 

eo = —zoio 

where the right-hand side of the equation contains all internal gener- 
ated voltages and the left-hand side all external generated voltages. 

*Park:, “Two-Reaction Theory of Synchronous Machines,” Trans. A.I.E.E., 
April, 1929. 
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{b) Jlie new flux linkage (the coefficients of all —p) and the new 
flux density (the coefficients of all pd) are 

d 

9 = 

q 


d 

B = 

q 

The torque driving the field is 

r = / = i-B = idi,Mp) - Xdip)] -f igG(p)E 20.24 

= idBd + ~ id<pq — 

No Amortisseur "Windings 

Central-station engineers prefer to express G(p), Ld{p), and Lg(p) 
in terms of the field time constant Tq = Ldfltdf. For instance, in the 
absence of amortisseur windings 



rfd + Efdp 


Xdip) = Ldip) Ld-- 


_ _ Mdirfd _ Xadjrfd 
ip 1 + (Lfd/rfd)p 1 + TqP 
Mdp __ TfdLd + LfdPjLd — MyLfd) 
+ Lfdp rfd -j- Lfdp 


Ld + (Bfd/rfd)p(,Ld — M^Lfd) _ Ld+ T apL'd 

1 4- {Lfdfrfd)p 1 TqP 


where 


_ x'dTop + 1 

ToP+l 

x'd = Ld — M\jLfd — short-circuit inductance 


20.26 

20.27 


if ifd = 0 (or = 00 ). 

In the absence of amortisseurs it is also convenient to call E not the 
actual field terminal voltage Efd but the armature generated voltage 
i^Xad- That is, 

E = ~Xad so that G{p) = ^ — - 

r/d Top + 1 


With no amortisseur Xq{p) = Xq. 
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Park’s Sign Convention of Flux Linkages 


(a) While in these pages the definition of <p and B has been intro- 
duced in order to write for the primitive machine e = R‘i + -f 
hence to write for the synchronous machine Cg = — e = — Rd- 
'pip — B(— ^0), Park on the other hand writes for the . synchronous 
machine 


eg = -R-i + T'^pe 



20.28 


That is, Park's flux-linkage vector ’F is the negative of <p as defined here, 
and he does not introduce the concept of flux-density vector B. 


C{p)E - Xdip)id 


^d 



-Xq(p)ig 


'hq 


Pd 


The relation between 'P and B is 


Pd 


Bg 

Pq 

% 

-Bd 





so that B 


= Y-^ 20.30 


(b) In terras of pd and equations 20.23 are written as 
Cd = —rid + PPd — PqpG 
eq = —riq-{- ppq + pdpG 20.31 

eo = — no + PPo 

The torque equation is written by Park as ^ X i (the cross-product 
of conventional vector analysis) 

T — f = iqpd — 20.32 

representing the torque on the armature. 

Steady-State Performance of Synchronous Machines 

(a) At synchronous speed p = 0 and pd = unity. Then Xd{p) = Xd, 
Xq{p) = Xq, G{p) — I, ii E is the internal generated voltage. On an 
infinite bus 
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d q 



where D = XdXg. The mechanical torque driving the field (or the 
electromagnetic torque on the armature) is 

r = / = i*B = idiqixg — Xd) + Eiq 20.35 


(b) It should be remembered that and are hypothetical currents 
(constant in value during steady state) and may be assumed to exist in- 
side the armature as measured by an observer who rotates with the field 
poles. The actual armature currents flowing out of the stationary ter- 
minals are sinusoidal currents and that may be found from and 
by a simple transformation to be shown in equation 27.14. 

The reason for finding and first is that the equations for them are 
simple, while those that contain and are more involved. 

Synchronous Machine Running below Synchronism 
When a synchronous machine is connected to an infinite bus, Fig. 
18.2, but runs below synchronism at a speed of pd = to (or at a slip of 
s = 1 - d), then 5 = soit. When the field excitation is removed, all 
currents are of slip frequency, in Z of equation 20.22 all p become jso 
and all pd become to. If, in equation 18.17, e sin sat = e = ejy/l and 
e cos Sat = —je, then 


d q d q 



Xd(js) and Xg(js) are calculated from the equivalent circuit of Fig. 20.1, 
where p is replaced by js, each resistance becomes —jrfs so that Xd{js) 
has the form a — jb. For every slip a different resistance value exists. 

The currents are found by i = Z^^-eg, and the constant torque by 
the real part of i**wG*i. 

Jc = Real of i^*Xq{js)i^ ~ i^*xd{js)i^ 


20.37 
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The oscillating torques are found by substituting for i the instanta- 
neous values i = -s/l (ii sin scat + ^2 cos scat) instead of complex numbers. 

When the amortisseur winding is absent, the equations represent 
(assuming smooth air gap) a two-phase induction motor running with a 
single-phase rotor (Fig. 20.2). ^ 



Fig. 20.2. Two-phase induction motor with single-phase rotor. 


The Interconnection of Synchronous Machines * 

(a) The concept of “interconnection of axes” implies the intercon- 
nection of physical axes, such as brushes, slip rings, stator windings, 
etc. When the axes are hypothetical, such as the da and qa axes of syn- 
chronous machine armatures, their interconnection involves two steps : 

1. The actually existing axes a and b of the armature are intercon- 
nected by a C. 

2. The a and b axes of C are transformed into the hypothetical axes 
d and q by equation 6. 1 1 so that a new C' represents the interconnection 
of the hypothetical axes. 

(&) When two interconnected synchronous machines (Fig. 20.3) run 
at the same speed with the rotor of the second machine lagging behind 



Fig. 20.3. The interconnection of hypo- Fig. 20.4. Rotating the 
thetical axes. reference frame by a 

constant angle 5. 


that of the first by an angle o (the value of 6 depending on the load) the 
hypothetical axes d and q may be interconnected in one step by noting 
that the resultant current vectors i in the armatures of both machines are 
equal and have the same direction in space at each instant. Hence if in the 
second machine new reference axes d' and q' are introduced parallel to 
those of the first machine di and qi, then the components of i are equal 
along the reference axes and the latter can be connected in series. 

* Doherty and Nickle, “Synchronous Machines, II,” Trans. A.T.E.E., 192$. 
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The transformation tensor rotating the reference axes dg and q 2 of 
Fig. 20.4 to d' and q' by an angle 5 (the same as in brush rotation, 
equation 17.4) is 

d' q' 


Cl = 


da 

q2 


cos 5 —sin 
sin S cos 


S 


S 


20.38 


By Ct‘Zg‘C and C^eg, equations 20.22 become 

q' 


-r - [xdiP) cos^ 5 + Xgip) sin- d]p + 
+ [^q{P) — Xd{p)]pd sin 5 cos 5 

[xqip) cos^ 5 + Xdip) sin^ 6] p9 -f 
+ [*d:(^) — Xgip)] sin 5 cos Sp 

- [xdip) cos^ 5 + Xg{p) sin^ 5]p9 + 
+ [.'«<i(^’) - » 9 (?)] sin 5 cos 9p 

— r — [Xqip) cos^ 5 + Xdip) sin^S]#! + 
+ [xdiP) - Xgip)]p9 sin 5 cos S 


20.39 

^ i' e'i — [cos 5 ^ — sin 5 pd]G{p)E 
q' e' + [sin 5 ^ — cos 5 p9]Cip)E 


The coefficients of the p6 terms of (Z'*i' — e') give B'. 

(c) The transformation tensor that interconnects the hypothetical 
axes of two synchronous machines is 


di qi 




di 

1 




Ca 

d' 


1 

i^' 

= -/ 

-1 




q' ! 


-1 


(d) The shifting of axes and the interconnection of two machines 
may be performed in one step as 


d, 

qi 

C = Ci-Ca = 

da 

q2 


di qi 


1 



1 

—cos d 

sin d 

—sin 5 

—cos d 


20.41 
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EXERCISES 

1 . Derive the value of Xd(p), G(p), Xgip) (equations 20.25-20.27) when no amortis- 
seur winding exists on the synchronous machine. (Start with the original three equa- 
tions and eliminate the field axis.) 

2 . Given the steady-state Z and e of two salient-pole synchronous machines, that is 
Zi, Z 2 and ei, 62 . What are the resultant Z' and e' of the interconnected system when 



Fig. 20.5. 


the second machine lags behbd the first machine by angle 5? What is the torque of 
each machine? 

3. The direct and quadrature-axis quantities of a salient-pole synchronous machine 
are given (in per unit) in Fig. 20.5. 

(a) What are Xd{p) and Xgip')} 

(5) What arQXdijs) d,nd Xqljs) for ^ = 1, 0.75, 0.5, 0.25, 0? 

(c) If r = 0.015 and e = 1, find and the torque at the above slips. 

(d) Find Xd and Xg. 

(e) If E = 1.1 and e = 1, find the steady-state currents and f®and the torque 
for 5 = 0“, 30®, 60°, 90°, 120°, 150°, 180°. 

(/) When running at synchronous speed on open circuit, the armature is suddenly 
short-circuited {eg = —1). What are the instantaneous currents and torques? 
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THE REVOLVING-FIELD THEORY 

Transformations Necessary to Establish Equivalent Circuits 

(a) The study of rotating machinery and the understanding of their 
physical behavior are facilitated by two artifices: 

1. Locus diagrams. 

2. Equivalent circuits. 

A systematic study of locus diagrams by tensorial concepts has been 
undertaken elsewhere,*. The tensorial method of attack offers also a 
powerful aid in establishing a group of stationary networks whose per- 
formance parallels practically any type of standard rotating machine, 
as far as steady-state behavior and small oscillations are concerned. 
Besides facilitating the visualization of physical phenomena taking 
place inside a rotating machine and offering computational help, an 
equivalent circuit also permits the determination of the steady-state 
and hunting performance with the aid of the a-c. network analyzer. 

(b) For any particular machine the equivalent circuit is established 
by finding a transformation matrix C that changes the asymmetrical Z 
into a symmetrical one. Three such transformations may be men- 
tioned here: 

1. The method -of symmetrical components, 

2. The rotation of the reference axes by a constant or variable 

angle 5. 

3. Division of an equation of voltage by a quantity. 

Representation of Torque on the Equivalent Circuits 

A rather large number of equivalent circuits possess the disadvantage 
of not indicating the torque. Even those that do show the torque re- 
quire an elaborate derivation to prove the correctness of the represen- 
tation. Makeshift schemes such as subtracting the losses from the 
input have no more value as aids for visualization or computation than 

*A.T.E.M., p. 160. 

167 



168 


THE REVOLVING-FIELD THEORY 


the equations themselves. The tensorial method of attack makes a 
clean sweep of this difficulty. 

As the torque is i-B (where B is the resultant rotor flux density G-i 
and where G contains inductances) by virtue of G, also i and hence G d = 
B all being tensors, B must appear on any logical equivalent circuit as a 
measurable quantity, in particular as sets of differences of potential E. 
Similarly, the torque 

/ = i*.B = i*.E = i^-*E, + i^*E2 + ■■■ 21.1 

must be a quantity to be measured by adding up the indicated watt- 
meter readings. The components of E = B are to be determined by 
tracing out the voltage drops G*i on the equivalent network. 

Forward- and Backward-Revolving Fields 
(a) When on a layer of winding there are two axes at right angles in 
space (say d and q) each containing a-c. currents and of the same 
frequency, then each alternating current may be divided into a hypo- 
thetical forward- and a backward-rotating component by the method of 
two-phase symmetrical components (equation 9.11) 

12 d q 

1 

Cf = 

'2 

The axes 1 and 2 represent the reference frame of the revolving-field 
theory ; the axes d and q represent the reference frame of the cross-field 
theory. With the aid of the above C and its inverse (one such C for each 
layer of winding), the equations of one theory can he converted into those 
of the other by routine manipulations. 

In converting the equations of the two theories into each other with 
the aid of C it is important to remember that there should exist as many 
equations as there are physical axis. If some of the axes have already 
been eliminated by Zi — Zo-Zif the two sets of equations cannot 
be transformed into each other by .the given C. 

{b) As in stationary networks, the above C is valid only for the primi- 
tive machine. If the axes have different numbers of turns or are at an 
angle a or are interconnected with other coils, the above C has to be 
modified either by the steps shown previously or by a method equiva- 
lent to those steps. 
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The use of the above C eliminates certain components of Z (reduces 
Z to a diagonal form) only if r and L along the d and q axes are the 
same, in particular only if Z has the form 



Such a case occurs in the rotor windings of machines with smooth air 
gap where 



The real advantage of the use of this C shows up in the calculation 
of torque. 


Two-Phase Induction Motor with Unbalanced Voltages 
(a) Let unbalanced voltages be impressed on the stator of a balanced 
two-phase induction motor. Since its C is the unit tensor (Table Va), 
replacing p by joi and p6 by vca, 


dj dr (Jr (Js 



ds dr qr 


A A n n 



The equations of the cross-field theory are e = Z-i and / = Real of 
i^-coGd. 
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(b) Let revolving axes 1 and 2 be introduced on both stator and 



Fig. 21.1. Forward- and backward-revolving axes. 


By Cf-Z.CandCf-E 



Each revolving field acts as if the other were not present. Note in Z' 
that no mutuals exist between axes 1 and 2. 
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(c) If in Z and e the row 1^ is divided by 1 — y and the row 2^ by 
1 + z) (the currents remain thereby unchanged), 

Is Ir 2* 2r 



jXrr. 



jX,n 






Tg-^jXg 

jX^ 



jXr. 



Is 


Is 


Ir 

coG'd' = 

2s 

-ijX„.iy + jXri^^ 

Ir 

Elr 


2s 


2r 

jX„^ -L 

2r 

Ezr 


f = Real of + Wsr 21.12 

As Z is symmetrical, its equivalent circuit may be established as 
shown in Fig. 21.2 (Xg = Xg -h X^. and Xr = Xr + X^). The two se- 
quence networks are independent. The torques are measured by two 



wattmeter readings, representing the difference in the rotor losses of 
the two sequence networks. 

It is customary to leave out the ^ in Z' and G' (but not in e'). In 
that case the currents are half of the shown value and / is the torque per 
phase. 
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(d) Since no e.m.f. is impressed on the rotor, the rotor axes 1,. and 
2r may be eliminated so that by Zi — Z 2 'Z^^'Z 3 


L 2s 


h 


2s 


21.13 

where s = 1 — y and 2 — s = 1 + Also Z\ = positive-sequence re- 
actance and Z 2 = negative-sequence reactance. 

Three-Phase Induction Motor with Unbalanced Voltages 
{a) Let it be assumed that both stator and rotor of the induction mo- 
tor are three-phase. Then along the d, q, and 0 axes the Z, G, and e 
tensors are the same as those of the two-phase motor, except that in Z 
two additional zero-sequence rows and columns are introduced with 
■^0 == ?'o + i-Vo. 



0 


0 

r ’ 1 



Zi 



22 



dg 

dr 

qr 

q« 

Og 

Or 

dg 

rs+jXs 

jX„. 



! 

dr 

jXm 

Tr +jXr 

TrV 

XmV 


qr 

~XmV 

-XrV 

rr -f jXr 

jX^ 


q* 



jXr. 

rs+jXs 

1 

05 





ror -rjXoa 


Or 






fOr + jXor 


da dr Qr Qs Og Or 


^d3 



eas 

eo 

□ 


The G tensor remains the same as equation 21.5. 
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If the d and q axes are transformed to 1 and 2 (or rather if d, q, and 0 
are transformed to 0, 1, and 2), the C has the same form as before, 
equation 21.6. 

0* Is 2s 0, 1, 2r 



(&) If the steps of the previous section are repeated, that is, if Z', G', 
and e' are calculated, the same results are found as before except that 
Z has an additional 0* axis. Leaving out | in Z' (but not in e') and 
eliminating also the rotor axes 



Os 

Is 

2s 

Os 

2o 

I 


Z" = h 




2s 






21.16 


where Zi, Z^, and €2 are defined in equations 21.13 and 21.9 and 
Zq = ros + >os- All constants Ts, Xs, and rr are for one phase 

(line to neutral). 

The currents are found by i = Z“^*e and the torque per phase by 
the real part of i*-a)G-i. 

(c) When a three-phase induction motor operates under unbalanced 
condition, it is necessary to express its performance in terms of se- 
quence currents, since then the torque calculation is comparatively 
simple (G'' has only two non-zero diagonal components) . In any other 
reference frame G has nearly nine components. (For additional exam- 
ples see A.T.E.M., p. 59.) 

The Capacitor Motor 

(a) If the cross-phase turns are a times the main phase turns, then C 
has unity in all diagonal components, except a in a.xis q^, Table \T-5. 
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If an impedance Z is added to axis qs (Fig. 21.3) (Z represents any dis- 
symmetry in the impedances of the two stator windings, also any added 
condenser) , Z' and G' of the resultant system are 



where Z = R +‘jX and (if = r^d and Xs = x^d) 


R = (ts3 - r^da^) Rc X = (xsq - x^da^) - Xc 21.19 



Fig. 21.3. Capacitor 
motor. 


SO that 

+ jXm) Z = Tgq Rc jX^g — jXc 

The equations e' = Z'*i' represent the cross-field 
theory of the capacitor motor. 

(&) In order to introduce revolving fields in 
both stator and rotor, it is first necessary to change 
back the Z' of the capacitor motor to that of the primi- 
tive machine by and then only to use the stand- 


ard Ca of the revolving- field theory. Thereby the C changing from the 


cross-field to the revolving-field theory is C = Ci where 
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Hence the resultant C = Ci is 

■ds ^ (ils ^ i2ay2 
■dr^ /2 ^ 

- i^^)/2 

■as ^ _ ^2sy2a 

By Cf -Z-C, etc., 



21.21 



(c) Since in Z' the reactance Z occurs in each component, both cur- 
rents and must flow through it. Hence the equivalent circuit of 
the capacitor motor is that of Fig. 21.4c. 



(a) (6) (c) 

Fig. 21.4. Equivalent circuit of the capacitor (or split-phase) motor. 


The current flowing through Zjla^ isjai®*. The main phase current 
is /2. The losses in Trjs represent the positive sequence 
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torque per phase and those in rr(2 — s) the negative sequence torque 
per phase. 

{d) Eliminating the rotor axes Ir and 2„ just as in the unbalanced in- 
duction motor, then multiplying Z' by 2 (but not eO , the result is 



where Z'= Z/2a^, also Zi is the positive-sequence reactance and Z 2 is 
the negative-sequence reactance defined in equation 21.13. 



Fig. 21.5. Equivalent circuit of the single-phase induction motor. 

(e) In special cases this equivalent circuit of the capacitor motor re- 
duces to well-known circuits. In particular: 

1. WhenZ = Oanda = 1, the equivalent circuit becomes that of the 
balanced induction motor under unbalanced voltages, Fig. 21.2. 

2. When Z = 00 , the circuit reduces to that of the standard single- 
phase induction motor. Fig. 21.5. 




CHAPTER 22 


POLYPHASE MACHINES* 

Ignoring Half the Axes 

{a) When the air gap is smooth and the windings along the d and q 
axes are identical, Z and G of the primitive machine are 


ds dr Qr Qs d, d, qr 



ds dr qr q* 



Much labor may be saved in the study of polyphase machines with 
smooth air gap by deriving their equations from that of a “primitive 
polyphase machine” containing only the windings of one of the phases, 
say those of the direct axis. 

(&) Since all phenomena in the quadrature axes are identical to those 
in the direct axes, except that they take place 90 degrees later in time, 
at any instant = —ji^. Hence, for the above primitive machine, let 
the following transformation be introduced: 


d,' dr' 



*A.T.EM., p. 50. 
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Note that, except for the factor of 1/ -y/l, this transformation is iden- 
tical to the positive-sequence portion of the method of two-phase sym- 
metrical components, namely, equation 21.6. 

(c) Another interpretation for this transformation may be given by 
finding the new voltage vector e' 


eds’ 

1 d,. 

Bds j^qs 



Sdr + iSgr 


This point of view states that, if the four currents and voltages in the 
jour axes are real functions of time, they may be replaced by two cur- 


FiG. 22.1. The 
primitive poly- 
phase machine 
with two layers 
of windings. 


ds.^ 



Fig. 22.2. The 
primitive poly- 
phase machine 
with four layers 
of windings. 


rents and voltages that are complex functions of time. Then the real 
parts of the new e' and i' give the direct axis quantities and the imagi- 
nary parts give the quadrature axis quantities. 

Both points of view lead to the same set of equations. 


The Primitive Polyphase Machine 
(a) By Cf'Z-C and Cf -G-C, equations 22.1 become (Fig. 22.1) 


As Ar 


n + LsP 

Mp 

M{p -jpd) 

Tr -h Lt{P — ipd) 


ds dr 




-jM 

-jLr 


representing the Z' and G' tensors of the primitive polyphase machine 
with two layers. (Because of the smooth air gap, ~jLr should be neg- 
lected in computations. In establishing equivalent circuits, however, 
—JLr must be included, so that G should be a tensor.) 
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(b) The results represent a theorem that a set of real equations of the 
form e = Z*i 

d q 


may be replaced by the complex equation 
d d 

n 

Z = d 


ed +>3 


r+jX 


1 


q 1 



d 



22.5 


22.6 


and vice versa. {A.T.E.M., p. 147.) 

(c) By a similar transformation the Z of the primitive polyphase ma- 
chine with four layers is (Fig. 22.2) 


ds2 dil drX dr2 


rs2 + Ls2P 

M,p 

Mi2p 

Map 

Msp 

ral -1- Ls\p 

MiiP 

Mzip 

M\^p — jp9) 

^n(P -jpG) 

rn + Lriip — jpG)\ 

Mr(p - jpd) 

MniP ~ iP^) 

M2i(P — jpG) 

Mrip — jpG) 

^t2 -|- d'r2(P — jpG) 



da2 

dsi 

drl 

dr2 

ds2 





dal 





drl 

—jMiz 

-JMn 

jLrl 

-jMr 

dri2 

—jMzz 

—jMzi 

-jM^ 



For steady state, when all axes have fundamental frequency currents 
in them, p = ju, p — jpd = jois = jcuil — v). 

Synchronous Machines 

(a) When both stator and rotor axes rotate with the rotor, as in a 
synchronous machine, the equations are the same as when the axes 
stand still on the stator, except that axis s becomes f (field) and r be- 
comes a (Fig. 22.3). The direction of rotation pd also changes sign (see 
Fig. 16.11). Hence 
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f a fa 


rj -h Lfp 

Mp 

f 



t 

ef 

Mip+jpd) 

Ta + La{p -h jp9) 

a 

jM 

jLa 

a 

ea 


22.9 


(b) When both and are assumed to be constant, then, in equation 
0 22.9, p = Q. The first equation gives i/T/ = e/ or 

if = ^f/rf. The second equation gives 

ea. - ji^MpO = {fa + jLapB)i°' 


Fig. 22.3. Poly- 
phase synchron- 
ous machine. 


fa + jLapO 


~ ji^Mpd 


22.10 


That is, the excitation in the field appears as an impressed voltage 
—ji^Mpe in the armature (a vector along the negative q axis, as shown 
in Fig. 21.4a). 

(c) When the synchronous machine is an infinite bus, its and La 
are zero. Hence from equation 22.10 


ea=ji^Mpe 22.11 

This is the voltage impressed by an infinite bus upon the rotating axis of 


e*interiiol gtneroted: 
ottrnol impressed 



Fig. 22.4. Polyphase alter- Fig. 22.5. Equivalent cir- 

nator connected to infinite cuit of the polyphase a Iter- 

bus. nator on infinite bus. 


a polyphase machine (if its d axis is drawn along the field pole of the 
infinite bus). 

[d) W^hen an alternator is connected to an infinite bus (Fig. 22.4) , the 
voltage impressed by the infinite bus along its own field axis q 2 is e 2 = 
ji^^M 2 p 62 (equation 22.11). As view'^ed from the alternator, eo lags be- 
hind ei by an angle 5. Hence during steady state 
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a 


Z = a Ta +jXa 


22.12 


where e-i = 

The equivalent circuit is given in Fig. 22.5. For a motor 5 becomes 
negative. 


Polyphase Machines with Unit Transformation Tensor 

1. Sherhius Advancer (Fig. 22.6). Only the row and column of dri of 
equation 22.7 are used. When p = joi and pd = vu), 


Z 


dr 

dr rr +jXr{l ~ v) 


dr 


G = dr 




22.13 



Fig. 22.6. Scher- Fig. 22.7. Equiv- 

bius advancer. alent circuit of 

the Scherbius ad- 
vancer. 


When the rotor is above synchronism, 1 — o is negative and the' rotor 
acts as a condenser. 

Dividing Z and e by i — y = 5, 

dr 


e = dr - 22.14 


/ = Realofi*-E = i-E* 

The equivalent circuit is Fig. 22.7. 

2. Double Squirrel-Cage Induction Motor (Fig. 22.8). The last three 
rows and columns of equation 22.7 are used. During steady state p ~ 
ju. Dividing the second and third row by s, 
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s ri r2 


rs+jX, 

jXml 

jXm.2 

jX ml 


jXmr 

jX.m2 

jXmr 



s ri to 





~jXml 

-iXr 

~jXmr 

—jXmZ ] 

-jXmr 

-jXr2 


Since Z is symmetrical, it may be represented by the equivalent sta- 




Fig. 22.8. Equivalent circuit of the double squirrel-cage induction motor, 

tionary network with three meshes shown in Fig, 22,8, where Xmi = 
~ Xm, and 




X,:^Xrr, + Xs 
Xrl — Xjn, + SCr + Xi 


=^Xm-VXr^X2 
Xmr = Xm + Xr 




The Shifting of Polyphase Brashes 
When a set of perpendicular brushes is shifted by an angle a, Fig. 
22.9, the first row of their C is 



C = 



Fig. 22.9. Shifting a Since iP' = —ji^, C becomes 
polyphase brush. 




COS a + i sin a 

= dr 


Cf = m 

a 


22.16 


22.17 


Hence in polypJtase machines clockwise rotation of axes is represented 
by and a counterclockwise rotation by e“^“. 
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Polyphase Commutator Machines 
i. Shunt Polyphase Commutator Motor {Fig. 22.10) 
4 a ds a 



The presence of makes Z asymmetrical. Transforming it, how- 
ever, by C', the symmetrical Z" is 




Fig. 22.10. Shunt Fig. 22.11. Equivalent cir- Fig. 22.12. Series 
polyphase com- cuit of the shunt polyphase polyphase com- 


mutator motor. commutator motor. mutator motor. 


The equivalent circuit is that of Fig. 22.11. The machine i°‘ is found 
from of the equivalent circuit by i® = 


d, dr 



2. Series Polyphase Commutator Motor {Fig. 22.12) 
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EXERCISES 

1. Express the real equation e = Z-i of the primitive machine with smooth air 
gap, given in equation 22.1, as a set of equations with complex coefficients, in the 
manner of equation 22.6. 

2. Find C, Z, and G of the polyphase motor of Fig. 22.13. What is its torque? 



Fig. 22.13. Fig. 22.14. 


3. (a) Find Z, e, and B of two polyphase alternators in series. Fig. 22.14, the second 
lagging the first by a constant angle 5. 

(6) Find the torque of each machine. 

(c) Find the equivalent circuit of the system. 



CHAPTER 23 


ROTATING REFERENCE FRAMES* 

C as a Function of Time 

(a) Hitherto it has been assumed that the reference frames were 
(1) either all stationary in space (all fixed to the stator) ; (2) or rotating 
together with the same speed as one of the members (all fixed to the 
rotor). 

The next point to investigate is how to establish the equations of a 
machine if the reference frames are not fixed to one member but rotate 
at any arbitrary velocity pd'. (The velocity of the rotor conductors 
will still be denoted by pd.) 

(b) The first step is to establish C of a rotating frame. If the 
stationary axes d and q on Fig. 23.1 are to be replaced by the rotating 


b 

Fig. 23.1. Transform- Fig. 23.2. Trans- 

ation from stationary to formation of poly- 

rotating axes. phase axes. 

axes a and b, their C is analogous to the case where a and b are sta- 
tionary (equation 17.4). ^ 


cos &' 

—sin 6' 

sin 0' 

cos 8' 


except that now d' is a function of time and pC = dC/dt is not zero. 

For a balanced polyphase machine in analogy to equation 22.17 
(Fig. 23.2.) 

C = d ^’0' 23.2 

(c) This is the first time when a C is encountered whose components 
are not constants (real or complex) but functions of time. 

*A.T.E.M., Parts VI and VII. 
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(d) Now, when the components of C are functions of time, the laws of 
transformation of physical entities in general are more complicated than 
those hitherto shown. 

The Law of Transformation of Z 

It will be proved presently that the law of transformation of Z is 

Z' = cr-Z-C + cr-L-||#«' I = Z«sC:.CS. 

23.3 

where C is a function of d' and pd' is the velocity of the reference frame. 
That is, now L (the coefficients of p terms) also have to be used. 
Because of this more complicated law of transformation, Z is no longer 
called a "tensor” but a “geometric object” (an entity whose existence 
depends on the reference frame used). 

The law of transformation of all other tensors hitherto introduced, 
namely i, e, P, R, L, and G, are unchanged, and they are still called 
tensors, even though the reference frame rotates. 

In rotating machinery it is often found that the transformation is 
“orthogonal,” that is, Cf -C is the unit tensor. In such cases Cf ‘Z-C 
is often identical with Z and only the second term of equation 23.3 
need be calculated. 

A Quick Way of Transforming Z 

When the transformation is not orthogonal, some labor may be 
saved by assuming that during the multiplication of Z with C the 
order of the components is preserved. Then it is possible to write for 
the law of transformation of Z 

1' = Cf-Z-C I 23.4 

where the p in Z now refers to all terms to the right of it, that is to C 
{and i) but not to Cf . After multiplication each term may he expanded 
into two terms. For instance, a component of Z'*i' may have the form 
M sin 6' p cos 6' i°- (where cos B' came from C and sin B' from CD- 
Hence p refers to both terms cos B' i°‘. If the term is expanded, it 
becomes M sin B' p (cos B' P) = M sin B' cos B' pp ~ M sin^ B' pB’ 
P. It is this last term that would have come from the use of 
Ct ■l-{dC/de')pd'. 

The Large Variety of Reference Frames Possible 

In balanced polyphase machines it is advantageous to introduce 
reference frames rotating with the fluxes (or impressed voltages) since 
then all currents and fluxes become constant in magnitude and it is 
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possible to establish an equivalent circuit for the machine. In hunting 
studies the use of such a reference frame is imperative. 

A great variety of reference frames is possible, their selection being 
influenced by the manner of interconnection of the machines. For 
instance, if both stator and rotor have rotating e.m.f.’s impressed on 
them, then: 

1. Both stator and rotor reference axes may rotate with the stator 
e.m.f. (or flux). 

2. Both may rotate with the rotor e.m.f. 

3. The stator axis may rotate with the stator e.m.f. and the rotor 
axis with the rotor e.m.f. 

Even though the two e.m.f.’s rotate at the same speed during 
steady state, still during hunting their speed is different and the 
equations of hunting depend upon where the reference axes are 
attached. A judicious selection of the reference frame may allow an 
easy solution of an otherwise prohibitively long problem. 

Double-Fed Induction Motor 


(a) In many speed-control systems the stator of an induction motor 
is connected to a synchronous machine running at a fundamental 
speed pQ\ and the slip rings are connected to another synchronous 
machine running at a slip speed pO^. In that case the stator and rotor 
fluxes both run at a synchronous speed with a constant angle 5 between 
them. Let both stator and rotor reference axes be attached to the 
revolving stator flux. 

The tensors of the primitive machine of the induction motor with 
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where Ci = and = i^^Mspds (compare 

with equation 24.16). The velocity of the rotor of 
the induction motor is pd 2 ’, those of the synchronous 
machines, p6i and pdz- 

(b) Let a reference frame be introduced rotating 
Fig. 23.3. Indue- ^ velocity pdi with respect to the stationary 

tion motor with reference axes. Then by equation 23.3. 
rotating axes. 

a« 3Lr br b. 






Now CfZ'C happens to assume the original form of Z, equation 
23.5. But 
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The sum of equations 23.5 and 23.11 is 



aa 

ar 

hr 

ha 


Ta + Lsp 

Mp 

— MpBi 

-LaPBi 

Sir 

Mp 

Tr + LrP 

-LrpBs 

~Mp6s 

b. 

Mpe^ 

LrP6a 

Tr + LrP 

Mp 

ba 

LspOi 

Mp$i j 

Mp 

ra + Lap 



23.13 


where the slip speed is pBs = pdi — PS 2 . The torque is — 

and 



as 

3 -r 

hr 

ha 

e' = Ct-e = j 


—£3 sin 6 

C3 cos 5 

ill 


where 8 = 62 -{■ — 61 = the angle between the two fliKes, 

From the new axes a and b it appears that the rotor rotates with a 
slip velocity p 6 s and the stator wuth a fundamental velocity pBi, both 
in counterclockwise direction. 

(c) Since the impressed voltages are constant during steady state, 
all ^ in Z become zero and 



S-a 

&r 

hr 

ha 

as 

ra 


~Xm 

-Xa 

Sir 


Tr 

-sXr 

-SXrrr 

hr 

sXm 

sXr 

rr 


b. 

Xa 

Xrr, 


ra 
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G' 



23.16 


In i' = Z' ^-e', is the in-phase component and is the out-of- 
phase component of the stator current. 


EXERCISES 

1. Find equation 23.12 from 23.5 with the aid of equation 23.4. 

2. Transform equation 23. 12 back to the original equation 23.5 with the aid of C~^ 

3. Express C of equation 23.9 as a tensor with complex coefficients having only 
two rows and columns. 

4. Transform Z of the primitive polyphase machine, equation 22.4, with C of 
exercise 3 by using equations 23.3 and 23.4. (The result should be the complex form 
of equation 23.12.) 




CHAPTER 24 


HOLONOMIC REFERENCE FRAMES 
Axes Rotating with the Members 

(a) A very important special case occurs when the axes are rigidly 
connected to their particular members and rotate with them. Such 
a reference frame may be assumed on the slip-ring induction motor 
and on the synchronous machine. In the synchronous machine the 
armature axes are then stationary and the field axes rotate with the 
field. Because many practical machines can be derived from it with 
the aid of a C, a machine with axes rigidly connected to the members 
will be called the “primitive machine with rotating axes” or the 
“second primitive machine.” 

When the reference frame is rigidly connected to the members (be 
they stationary or rotating) the equation of voltage reduces to the 
special case (to be proved presently) 

e' = R'-P 4- ^(L'-iO 

ftf ^ 

b' = R^*i^ -(- p<p' eoi' = Roc'^'i^ 4 p<Pa' 

No rotor-generated voltage Bpd exists (or rather none is defined) 
and the equation of volts^e is the same as that of a stationary net- 
work. However, p refers not only to i hut also to L, which now is a 
function of d. When all expressions are expanded so that p refers 
only to i, the equations assume the usual form involving Grpd'i. 

(b) The torque may be expressed as either 



r 



dd 2 36 

f 

36 2 36 ^ 

24.2 

since the kinetic energy is 




r = 1 i'*.L-P 

1 r 


24.3 


(c) These equations (valid for the special case of rigidly connected 
reference frames) are due to Maxwell. The reference axes are called 
“holonomic” axes. It is emphasized that these simplified equations 
are not valid for any other type of reference frame. 
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The Second Primitive Machine* 

(a) Instead of transforming Z of the first primitive machine, it is 
simpler to transform its L by Cf-L-C to give L'. Then 

Z' = R' + pV j Za'p' = Rci'0' + pLa>^' 24.4 



Fig. 24.1. Second primitive Fig. 24.2. Alternator with 
machine. stationary armature axes. 

(R' is Cj*E.*C and has the same form as R.) Hence 



, r Rdr “h Lr/r , y Ldr ~~ Lqr 

where = Ls = — ~ and Ld = — -■ 

For the synchronous machine of Fig. 24.2 (eg = Zg*i) 



A.T.E.M., p. 71. 
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The impedance tensor R' + pV is 


ds a b q. 



24.8 


where P refers to all d terms and to i. 

(b) To find the torque by 1/2 i' ‘{dV /dd)‘i 



The torque may also be found by where G' = Ci*G*C = 



The Second Primitive Polyphase Machine* 

When a machine with a smooth air gap has a pure rotating field on 
both stator and rotor, then (Fig. 24.3) 


da a da a 



* A.T.E.M., p. 74. 
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ds a. ds a 



Fig. 24.3. Second Fig. 24.4. Poly- Fig. 24.5. Alter- 

polyphase primitive phase synchron- nator -with con- 

machine. ous machine. stant excitation. 


This Z' and G' are the same as those of the slip-ring induction motor. 

Torque = /' = Real of i'*. G'-i' 24.13 


Polyphase Synchronous Machine with Constant Excitation 
If the primitive machine is looked upon as an alternator with 
stationary armature axes (Fig. 24.4), then becomes a (armature) 
and a becomes f (field). (There is no need now to interchange the two 
members.) ^ f 

a 
f 

(6) If the excitation is assumed to be constant the first equation 
becomes independent of the second 

pd M)V + (ra + pLa)i^ 

Eliminating the field axis, the tensors along the stationary armature 
axis a are (Fig. 24.5) 
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(B is the coefficient of all P6 terms, carried over to the right-hand side 
of the equation e = Z-i.) 

(c) If the synchronous machine acts as an infinite bus (ra = La = 0) 
then the voltage impressed upon a machine with axis a connected to 
the infinite bus is 

a 

e = I jif pe Mt>6 24.16 


EXERCISES 

1. Show that the torques of the second primitive machine found by equations 24.9 
and 24.10 are equal. 

2. On the second primitive polyphase machine, Fig. 24.6, let four axes exist: 

(a) The stationary stator axis dj. 

(J) The rotor axis a with a velocity pB. 

(c) The stator flux fj rotating with pBs with respect to the stator axis dj. 

(i) The rotor flux fr rotating with pBr with respect to the rotor axis a. 


Fig. 24.6. 

Find the following C's and their inverse: 

(tt) From ds to f,. 

(&) From a to fr. 

(c) From ds to f,. 

(d) From fs to fy. 




CHAPTER 25 


SPEED CONTROL SYSTEMS 


Changing Rotating Axes to Stationary Axes 

Induction motors and synchronous machines are used in con- 
junction with a-c. commutator machines to produce desired speed and 
power factor characteristics for the drive of industrial loads. If each 
machine is a balanced polyphase machine, in the presence of slip-ring 
induction motors Z' and G' contain terms. Such terms may be 
eliminated if after interconnection the slip-ring axes are replaced by 
stationary axes or if all axes are assumed to rotate with the fluxes. 

If two or more of the machines run in synchronism, then, after 
elimination of usually their difference remains, 

containing the constant angular displacement h between the machines. 

To establish an equivalent circuit for the polyphase system it is 
desirable that: 

1. All reference axes should rotate together (no variable angle 6 
should exist between them) . 

2. All axes should be parallel (no constant angle 6 should exist 
between them). 


Power-Selsyn Systems 

{a) Let two induction motors be interconnected as shown in Fig. 
25.1. When machine 2 (transmitter) is driven, the other (receiver) 
runs at the same constant speed with a constant angle of lag 5. 
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Before interconnection 



After interconnection by CfZ-C 



dsi 

ai 

ds2 

dal 

fsl + Lsip 


0 

ai 


rn + Tfi + (Lri + L,i)p 


ds2 

0 


rs2 H- Lgip 


Transforming from the rotating axis a.i to the stationary axis dri 
(Fig. 25.2), 



by Cf ‘Z-C (p in Z referring to C but not to Cf) 
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(b) Since in every axis fundamental frequency currents flow, 
p = ja, p — jpe = jo>{l — v) = jo3S. As no voltage is impressed 
in axis d^i, the whole row of may be divided by 5 . Hence during 
steady state 


dsi dri ds2 



Equivalent Circuit of the Sels 3 ni System 

The Z' in equation 25.7 may be brought to a diagonal form by 
shifting the axis of ds 2 by the constant angle 5 (Fig. 25.3). 



so that by the symmetrical %" is 


dsl dri ds2 



The torque tensors before and after transformation are 

dsl ai dsl dri 
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The torques are the real parts of 

fl = h = i^^*Er2 

The corresponding equivalent circuit is shown in Fig. 25.4. The 
actual current in the machine is The same result 



Fig. 25.4. Equivalent circuit of the Selsyn system. 

would have been found by performing the three transformations in 
one step by C = Ci*C 2 *C 3 . 

Variable-Speed Drive 

(a) In a variable-speed drive two synchronous machines (the first 
supplying the electrical power) and a slip-ring induction motor 
(driving the load) are connected as shown in Fig. 25.5. 



Alternator. Induction Synchronous 
Motor. Motor. 

Fig. 25.5. Fan drive. 


If during steady state the speed of the first machine is 1 and that of 
the induction motor is v, then the synchronous motor speed is 1 — 
V = s. There is a constant angular displacement 5 between the two 
induction motor fluxes that run with speeds of 1 and -(- 5. 

Before interconnection the transient tensors are (equations 24.12 
and 24.15) 


ai S2 r2 as 



25.11 
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S2 ra 







jihMzf?6z 


(b) The interconnection of the three machines is represented by 


ai 


Ci = 


S2 


ra 


as 


S2 ra 


1 


~1 


-1 


1 


25.12 


When viewed from inside the induction motor, the reference axis 
S 2 stands still on the stator (velocity 0) and r 2 rotates with the rotor 



Fig. 25.6. Rotating armature axes. 


(velocity pd 2 ). Let both rejerence axes rotate with the rotor flux, which 
rotates with respect to the rotor with a velocity pQz- That is (Fig. 
25.6), let 

s r 







The resultant C is 


25.13 


s r 




--jycfl2+93) 







25.14 
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(c) By Cf ‘Z-C (where p refers to C but not to Cf) and by Cf -e, 
Cf -B, etc., 

s r 


ri + rs2 + (Li + L^[p +j{pB2 -j- pOz)] 

^ilP + jipBi pds)] 

Mzip +jp63) 

^r2 + rs -f (Lri Ls)ip +jpd3) 


25.15 





- e-i<-e2+B3~ei)jifiMipei 

B'i = s| 

—jihMzpdz 

B '3 = r j 

s r 



s 




~jM 

-jXr 


(d) During steady state all currents are constant (as viewed from 
the frame), p = 0, also pd^ + P6% = w and p6z — sa. If 62 + 6s — 
Si = 5 is the constant angle between the stator and rotor fluxes in 
the induction motor and if the axis r is divided by the slip s, 


s r 


+ rss + j(Xi -t- Xgi) 


j^m2 




where ei = —ji^^Xmiph- The equivalent circuit of the system is 
shown in Fig. 25.7. The torques are the real parts of 

/i = f.2 = h = 


25.17 
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The steady-state equations and the equivalent circuit would have 
been the same (except for e') if both reference axes had rotated with 
the stator flux. In that case 

s' r' 


s' 

e' = 


25.18 







EXERCISE 


1. Find C, Z, i, and the torque of each machine of the following drives (all poly- 
phase machines), Figs. 25.8-25.11. 



Fig. 25.8. Two induction Fig. 25.9. Differential Selsyns. 

motors in cascade. 






CHAPTER 26 


DERIVATION OF THE EQUATIONS FOR GENERAL 
ROTATING AXES 

The Relative Concepts of Induced and Generated Voltages* 

Let the first primitive machine with stationary axes be considered. 
In changing i to i' by i = C*i' to axes rotating with any arbitrary 
speed, let it again be assumed that the power input is the same when 
measured in either the rotating or in the stationary frames. That is, 
let it he assumed that the power input is invariant under the transforma- 
tion, Then by equations 6.1 and 6.2 e is transformed as e = 

{a) The part of e = Z*i that contains p = d/dt is ti = L-pi, the 
induced voltage. Let the method of transforming the induced voltage 
to a frame rotating with pd' be investigated. 


r 

Given: e = L* — 

dt 


di^ 

26.1 

Let i = c-r 


i^ = 

26.2 

and 

e = Cr^.e' 


e^ = C^e^. 

26.3 

where C is a function of 6'. 

Substituting i and e into equation 26.1, 

dt 


, d{ci.r) 

C^ea'-LaS 


+ 

I 

1! 

) 


) 

Since C is a function of d' , 




dC dCde' dC , 
dt ~ ^ de' 

1 

dCl^dx-^' . 

dt dx^' dt dx'’' 

26.4 


(As dCa'/dx^' is an object of valence 3 in every frame, in direct nota- 
tion its product with other tensors cannot be represented in an easy 


* A. T.E.M., p. 61. 
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equations for general rotating axes 


manner. Hence in direct notation only one velocity p6' = v' is 
assumed; in index notation, any number px‘^' = f"'.) Substituting 


Multiplying by = €“> 


La^ 




dCi . 


^ px^ f 


-■ CrL-C- — + C, 

at 


:-I- 


c.' = KfOCl, 


dt 

+ L^sc:> 


dx^' 


■7 px^'i^' 


If CrL-C.= L' or LapC“'C^r = La'p>, then along the rotating reference 
frame the induced voltage becomes 


.L-._ + C..L 


ac 




IT fa 


(&) That is, along rotating reference frames the previous induced 
voltage L'pi becomes partly an induced voltage and partly a generated 
voltage. Hence the division of a voltage vector into induced and 
generated voltages is a relative concept that depends entirely on the 
reference frame. A certain voltage vector may be entirely induced 
or entirely generated volt^e, or partly induced and partly generated, 
depending on the relative velocities of the reference frames, the 
fluxes, and the conductors. However, the sum of the induced and 
generated voltages is constant, no matter what the reference frame is. 

It should be noted that the additional generated voltage Crh- 
(dC/dd')'i'p9' is different from the rotor-generated voltage G''i'pd. 
The former is due to the rotation of the flux lines produced by i' (the 
currents in the axes rotating with p6 ') ; the latter, to the conductors 
rotating with pd and cutting the flux lines produced by all currents 
in the machine. 


The Equation of Voltage Along General Rotating Axes 
The remaining part of e = Z-i, that is, e = R-i + pd G*i, becomes 
after transformation 

= R^*i^ + pd G^*i^ | = Ra'^'i^ + pdGa’^'i^ 26.6 

Hence the equation of voltage along stationary axes 

e = R'i -f L - — ^0 G’i ] = Rasi^ + Ga^i^ 26.7 

di \ ' dt 
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THE “CHRISTOFFEL SYMBOL” 
becomes after transformation with C into rotating axes 


26.8 


where 

V' = I F„.,- = 

dd I dx^ 

If the new voltage equation is written 

e' == Z'*i' I doj/ = Za'^'i^' 
then the law of transformation of Z follows as 


26.11 


That is, both Z and L of the old reference frame have to be transformed. 

In the equation e' = Z'-i', any p refers only to i' and not to any 
cos 6 or sin 6 term occurring in Z'. 

The “Christoffel Symbol” Vap 

It is possible to say that V' is a geometric object, called in tensor 
analysis the “Christoffel symbol” (strictly speaking, Va^ is only a 
special case of the true non-holonomic Christoffel symbol [ai3,7])- 
Along the stationary d and q (quasi-holonomic) axes all the com- 
ponents of V happen to be zero but along rotating (non-holonomic) 
axes not all the components are zero. That is, the law of transforma- 
tion of V is 

V' = Cf-V-C + C*-L.^K| V.fCt.Cl.L^gCZ.^.px'' 

26.12 

Since for the first primitive machine V is zero, therefore in going 
over to a rotating frame Cf*V'C is still zero, but ’L'{dC/d6')p9 
is not. 



26.9 


26.10 
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The “Rotation Tensor” "Vf 

(a) It was shown in equation 16.24 that for synchronous and 
induction machines G can be derived from L with the aid of the “rota- 
tion tensor” "Y. 

dr qr 



(This assumption is true only if the flux-density wave is sinusoidal 
in space. In the general case [In commutator machines], the flux 
waves are non-sinusoidal, G is independent of L, and the rotation 
tensor y has no existence.) 

(b) Now the rotation tensor y may be expressed in terms of C as 
follows; 



Geometrically y rotates a vector 90 degrees in space, as was shown 
in Fig. 16.9. 

Consequently G may be expressed as 



where C changes from stationary to rotating axes. 

(c) It may be mentioned that the “rotation tensor” is a special 
case of the so-called “coefficients of rotation of Ricci” y^^ (just asFa^ 
is a special case of {a/j})- The reason for these simplified forms is 
that in the study of electrical machinery hitherto the rotor displace- 
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ment d was not assumed as an extra variable, requiring an extra 
axis s, but as a parameter, since the speed pd has been assumed to be 
constant. But as soon as the study of hunting and acceleration 
begins and an extra axis s has to be introduced (to express the equation 
of torque along it), both geometric objects of valence 2, 7^ and Va^, 
have to be replaced by their more general form as geometric objects 
of valence 3, yip and . 



CHAPTER 27 


TRANSFORMING THE TWO PRIMITIVE MACHINES 
INTO EACH OTHER 

Equation of Voltage of Maxwell* 

(a) In starting the analysis of synchronous or induction machines, 
the equations of either primitive machine may be used as a starting 
point, depending on which offers a speedier analysis. It will be shown 
now that the equations of the two types of machines can be derived 
from each other. For general commutator machines, however, the 
first primitive machine cannot be derived from the second, or vice 
versa. 

(&) The equation of voltage along general rotating axes, equation 
25.8, assumes a simple form if pd' ~ p9, that is, if the rotor axes rotate 
with the same speed as the rotor. It will now be proved that the two 
generated voltage terms may then be combined into one as 

I 27.1 

1 + Va'P' — dLct>ff' f dd 

(c) Since the rotation tensor 7 can be expressed in terms of C by 
equation 26.14, for the first primitive machine 

* 1 dCf 1 

G = V,.L=cr'-^-L I = -^ 27.2 

For the second primitive machine G becomes 

G' = cr-G-C = § .L.C I G„,,, = G»^c;.c?. - 27.3 

By equation 26.9 

MG' + V')=^.g.L.C+Cf.L.f-] 

3(cf-L.c) avae dV ^74 
^ as as a; dt 


dJj' 

MG' + V0-i' = -^-F 

or that 

G' 4- V' = dV/dd 


A.T.E.M., p. 77. 
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if it is noted that SL/dd = 0 (L of the first primitive machine has only- 
constant components). 

Hence for the second primitive machine the equation 
= R^*i^ -J- -J- p6(G' -h VQ*i' 

may be written in the form 


e' = R' 

e' 

or 

•i' + L'-^r + (^L')-i' 

= R'.P + p(L'‘V) 

Ca' = + La' ^'pi^' 

Ca' — + p{La'^'i^ ) 27.5 


e' = R'-i' + p9' 



ea' = Ra'&’i^' + p(pa' 

27.6 


This is the equation with which Park starts to derive equation 26.7 
for the synchronous machine along the direct and quadrature axes. 


The Equation of Torque of Maxwell 
The equation of torque 

= I 27.7 

may be written by equation 27.3 as 



Since in a quadratic form by equation 1.23 


i-A-i 


. A + Ae 


= 27 .? 


equation 27.8 may be written 

1 ^ ^ ^ 1., 3(CrL-C) 

f — “■ i • ( “ — ■ 'L’C “h Ci"L’ — 1 • 1 — i * ‘i 

^ 2 \de ddJ 2 dd 


1 V 

^ 2^' de 


•' 2 dd 


(Again it should be remembered that 0L/a0 = 0 as the components 
of L are constant.) Since the instantaneous kinetic energy (magnetic 
energy) stored in the machine is 


r = li'-V-V 


therefore 


T' = f 




27.11 


27.12 
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E(iuation of Voltage of the First Primitive Machine * 

(a) The reverse of the previous derivation, to be shown now, is 
identical with that given by Park. 

The equation of voltage of Maxwell for the primitive machine with 
rotating axes is 

e = R*i -b = Rmni “b 27.13 


where L is given in equation 24.6. 

Now let the rotating reference frame a and b be replaced by sta- 
tionary reference axes d and q by the transformation i = C-i'. 



Note that this C is the inverse of what formerly in equation 24.4 was 
called C (Fig. 27.1). 

(Or using the convention of central-station engineers, Fig. 27.2, 



Fig. 27.1. Relation between Fig. 27.2. Relation between 

stationary and rotating axes. axes in a synchronous machine. 

let the stationary axes and on the armature be replaced by axes 
da and qa rotating with the same speed as the field pole.) 
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(b) Substituting C-i' for i, 

e = R'C-i' + i>(L-C-iO 
= -f- p(lj‘C) 'i' -j- 

Let both sides of the equations be multiplied by C^, 

Cre = CrR-C-i' + Cr^(L-C).i' + CrL-C*^L 

Q-e = e' 

. CrR'C = R' 27.16 

CrL-C = L' 

where the primed quantities represent the tensors of the primitive 
machine with stationary axes. Hence 


But 


= R'-i' + Cr^(L-C)-i' 


27.17 


(c) The expression ^(L*C) can be brought to a more recognizable 
form by replacing L by 

L = Cr^-L'-C-I 

where L' is given in equation 24.5. Then 

p(L.c) = picr^-v) = (^cr')-L' 

since pV is zero (all components of L' being constant). 

Since C and C~^ are functions of 6, 




p(L 

Substituting into equation 27.17 

e^ = R^*L + + Cf 

But by equations 26.14 and 26.13 
^ 5cr 


. 

' d9 


ae 


ae 


yt 


27.18 


G' = 7rL' = Cf ^ -L' 


27.19 
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(where C changes from rotating to stationary axes). The equation of 
voltage of the primitive machine becomes 

e' = R'-i' 4- y-pi' + pe G'-i' 27.20 

This is the same as equation 26.7. 


Equation of Torque of the First Primitive Machine 

Let the equation of torque of Maxwell for the primitive machine 
with rotating axes be 

ST 1. dL , 
dd ~ 2^' 86 

Let i be replaced by C-i' = i'-Cf 

Again replacing L by Cr^*L'*C~\ 

1 9(cr‘v-c-) 

-C-i 

Since L' is constant, dV/dd is zero. Hence 

However, the second term is equal to the first since i-A-i = i*Ari 
and Lt = L. Hence 

/ = i'.Cr — -L'-i' 
dd 

Since by equation 27.19 

dCr^ 

Cr -V = G' 27.22 

dd 

therefore the torque of the primitive machine is 

/ = r.G'-i' 


27.23 



CHAPTER 28 


SMALL OSCILLATIONS* 

The Equations of Voltages and Torques 

(a) During small oscillations (hunting) the speed of the rotor pQ 
is no more constant and the moment of inertia M of the rotor enters 
into the equation of torque. The equations of impressed voltage and 
impressed torque of the first primitive machine are 

e = R'i "h 'L/’pi. pd G*i Cm ~ Rmn^ “f" T-'mnP^ P^ 

T = Mp‘^9 - i-G-i r = Mp^e - 28.1 

These two equations describe the performance of the primitive 
machine (hence all machines with relatively stationary axes) during 
acceleration. In terms of <p and B they are 

e = R*i “I- p<p -|- B pd ejn = Rmni^ d- P<Pm “h Rmpd 

T = Mp^6 - i-B r = Mp‘^6 - i^Br, 28.2 

(&) When the machine’s equilibrium is suddenly disturbed, i be- 
comes io -f- Ai, where io represents the steady-state current existing 
before the disturbance, and Ai the superimposed change. Let 

i = io -H Ai e = eo + Ae 

6 = 6q+ M r = To -h AT 28.3 

The tensors R, L, and G have constant components; hence, no change 
occurs in them during hunting. 

Substituting and canceling second-order changes, 

00 Ae = (R -f- \ip P^ G) ‘(ig d- Ai) -)- pA0 G-ig 

Tg d- AT = Mp‘^{eo -h M) - (ig d- Ai)-G-(io + Ai) 28.4 

Subtracting the original equations (and assuming ptsd = ispd), the 
equations of hunting of the primitive machine are 

Ae = (R d- L^ d- peQ)-M -f G-i^ Ape 

AT = Mp^Ad - io-(G + Gi)-Ai 28.5 

* A.T.E.M., p. 114. 
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In terms of tp and B the above equations are 
Ae = R*Ai -|- ^A^ -f- BqA^^ 

LT = Mp^ Ad — (Bo'Ai + AB'io) 28.6 

The Motional Impedance Tensor 

(a) The two equations may be combined into one if, in addition 
to the four electrical axes d*, d^, qr, and qs, a fifth axis s is introduced 
representing the direction of the instantaneous angular displacement 
6 of the rotor (geometrically s lies along the rotor axis) . All torques 
are represented along this geometrical axis s. In the presence of a 
fifth variable 9, let “compound tensors” be introduced. In particular 
let: 

1. i and pd be represented as the components of a new “generalized 
velocity (or current) vector” x 

28.7 

2. e and T be represented as the components of a new “generalized 
force (or voltage) vector” p 

28.8 

(b) In terms of these generalized vectors, the two equations of 
hunting 28.5 may be represented as subdivisions (in the manner of 
equation 2.1) of one equation Ap = Z-Ai 



"B. "Lp pod G*io Z Bo 

= 28.9 

— io‘(G' -|- Gt) Mp — io‘G{ — Bq Mp 

where Z will be called the “motional impedance tensor.” 

The motional impedance tensor Z for any machine consists of its 
transient impedance tensor Z augmented by an additional row and 
column s corresponding to the additional {geometrical) degree of freedom. 
The additional row and column contain the steady-state currents and 
fluxes upon which the hunting is superimposed. 
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Table VII shows Z and Eg of the primitive machine for various sign 
conventions. 

It is important to note that in the additional row the flux densities 


TABLE VII 

Motional-Impedance Tensor £ of the Primitive Machine 



Ba and occur with signs opposite to those in the additional column, 
no matter what sign convention is used (as long as the coefficients of 
all p terms — the components of aa ^ — have the same sign). That is, 
Z is always skew symmetrical with respect to B in any reference frame, 
(See also equation 31.4.) This relation serves as a check on the 
correctness of the equations. 





216 


SMALL OSCILLATIONS 


(c) It should also be noted that when the direction of rotation 
changes, then: 

1. p6 assumes negative values. 

2. The row and column of s are also multipled by —1. 

The Establishment of Z' 

(a) Since the Z of the primitive machine and of every other machine 
has an extra axis s, similarly the C of every machine has a geometrical 
axis s in addition to its electrical axes. 

When all components of C are constants, then Z' = C* -Z'C. 
Since Z contains the steady-state currents io of the primitive machine, 
after transforming Z by Cf -Z-C, it is still necessary to transform the 
steady-state currents individually with the aid of the set of equations 
io = C-Iq. Thereby not only Z' is expressed along the new axes but 
also its components. 

(5) Once the transient Z' of a machine has been established, it may 
be subjected to various types of manipulation depending on the 
problem at hand. In particular, may be investigated: 

1. The stability of the system under a sudden impact of voltage 
or torque. 

2. The values of the hunting-frequency currents and displace- 
ments under impressed impulses. 

3. The damping and synchronizing torques. 

4. The natural frequencies of vibration of the system. 

In all such investigations the first step is to establish the transient 
motional impedance tensor Z' of the system. 

Transient Stability 

The stability of the system under a sudden impact is investigated 
by equating the determinant of Z' to zero and applying Routh’s or 
other criteria. 

Even when the components of C are constants, two cases will have 
to be distinguished. 

1. The steady-state currents io are constants. 

2. The steady-state currents are complex numbers (sinusoidal 
in time). 

In the first case the coeflEicients of all p are real numbers; in the 
second, they are complex. In the first case Routh’s criterion, shown 
in equations 19.7-19.10, in the second case Schur’s criterion (given 
in advanced mathematical textbooks), have to be used. 
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Hunting-Frequency Currents and Velocities 

When the impressed changes are sinusoidal (say when the 
machine drives a pump with sinusoidal load variation) having a 
frequency h, then the additional currents and velocities may be 
determined. Again two cases have to be distinguished. 

(a) When the steady-state currents io are constant, all Ax are of 
hunting frequency A, hence: 

1 . All p are replaced by jha. 

2. All p6 become vo}. 

3. J\pd becomes Avu, or rather the last column s is multiplied 

by w, changing there all L to W and leaving Av as the variable. 

4. To express torques in synchronous watts, the last row of s 

is also multiplied by w. 

Then Ax' is found by Z'~^*Ap, that is, by calculating the inverse 
of the steady state Z. 

(b) When the steady-state currents io are not constant but are, say, 
of fundamental frequency co, then the superimposed currents have two 
different frequencies (1 — k)o} and (1 + h) a. The solution of Z for 
such cases has been undertaken in another publication.* 

Damping and Synchronizing Torques 

To determine the stability or instability of a machine, the determi- 
nant of Z is equated to zero and Routh’s criterion (equation 19.7) is 
applied. Another method of analysis is based upon the assumption 
that only one dominating oscillation frequency /icj exists (whose 
approximate value, however, has to be assumed). 

Leaving out Mp^ from Z and subdividing Z along the electrical 
and mechanical axes into four components, the applied electrical 
torque is a complex number (replacing all p byj'kcj) 

AT, = (Z 4 - Z 3 -Zr^-Z 2 )A 0 = {T, ■^jhTD)Ae 28.10 

Ti) is called the damping torque coefficient, and Ts the synchronizing 
torque coefficient. When Tjy is negative the system hunts. 

Natural Frequency of Oscillation 

Once T d and T, are known, then Mp^ can be resubstituted, giving 
(for a single machine) 

AT = {Mp^ + TdP + T,)A6 28.11 

*A.T.E.M., p. 119. 
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The equation Mp^ + TdP + T* = 0 gives for the natural frequency 
of oscillation (as a fraction of co) 


..JnZTM 

\2M/ 


28.12 


where in per unit M = AirfH and 

0.231 (WR^) X (syn. r.p.m.)^ 


H = - 


Base kv-a. X 10® 


When Td is small 




28.13 


28.14 


If in calculating Tg the assumed k differs greatly from this correct 
h, Ts should be recalculated with the corrected h. 

Compound D-C. Machine 

The connection diagram and C of a compound d-c. machine are 
(Fig. 28.1) 



Fig. 28.1 Com- 
pound d-c. ma- 
chine. 


28.15 


2 of the primitive machine is, from Table VII-1, 



d* 

q. 

q» 

S 

d. 

rds + Ldsp 




qr 

-M'ape 

Tr + Lqrp 

M,p 


q* 


Mqp 

Tqs + Lqfp 


s 

i^M'a 



Mp 


The transient Z' is found by CrZ*C. Replacing in the border row and 
column by and by , as indicated by equation 28.15, 
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f s 


nai^da -f- Ldsp) + (.Tr -f- Lqrp) -p 
nl(rg, + Lgap) — ndM'dpe 2?igMgp 

-i^ndM'd 

li^ndMa 

Mp 


The steady-state 2' is found by putting p — jhoi, p9 = va = u and 
multiplying the bordering row and column s by co 


f s 


nlirda + jhXd,) + (rr -f jhXgr) + 
jf^Xqs) I'l'dXrnd “P ^flgjXfnq 

ndXjjid 

li^fldX'md 



The equations of hunting are Ap' = Z' • Ax. 


Polyphase Induction Motor 

It has been shown for the double-fed induction motor that a refer- 
ence frame rotating with the fluxes allows a simpler steady-state and 
transient analysis of polyphase machines. The use of such a reference 
frame during hunting makes the steady-state currents and fluxes in 
Z constant. 

The same C is used in transforming Z as used for Z, namely, equa- 
tion 23.9, except that C now has an additional axis s 



^9 

ar 

br 

b. 

s 

d. 

COS 01 



—sin 01 


dr 


cos 01 

—sin 01 



qr 


sin 01 

cos 01 



q« 

sin 01 



cos 01 







1 


Since C is a function of time, the law of transformation of Z is found 
either by CrZ-C, where the ^ in Z refers to C (but not to Cd, or by 
equation 23.3 

Z' = CrZ-C4-C,.I,.|^M 
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SMALL OSCILLATIONS 


a* ar br bs s 


r. + UP 

Mp 

— Mpdi 

—Lgpdi 


Mp 

Tr -f Lrp 

-Lrpds 

-Mpds 

Pm -h P^Lr 

MpBs 

Lrpe, 

Tr -1- Lrp 

Mp 

- P^Lr 

Lspdi 

Mpdi 

Mp 

U + Lsp 




io^M 


Lp 


where pd^ = p9i ~ ph- All steady-state currents are constant. 
When no voltage is impressed on the rotor, as in a standard indue- 



Fig. 28.2. Axes rotating with stator flux. 

tion motor, this Z is used unchanged. However, in a double-fed 
motor e, equation 23.7 is a function of b and an additional term has 
to be added to Z, as will be shown in equation 29.20. 


EXERCISES 

1. Eliminate the stator axes and stator currents in Z of equation 28.18. 

2. Find the steady-state form of equation 28.18. 

3. Find the transient and steady-state Z of the following machines: 

(a) The amplidyne of Fig. 18.2&. 

(&) The Scherbius advancer of Fig. 22.6. 

(c) The shunt polyphase commutator motor of Fig. 22.10. 

(d) The double squirrel-cage induction motor of Fig. 22.8. 




CHAPTER 29 


THE HUNTING OF MACHINES WITH SLIP RINGS 
Calculation of Ap' 

(a) The steady-state voltage impressed on a machine is e' = Cj-e. 
If its components are constant, then e' does not contribute to Ae', 
But if e' is a function of 5 or 0 (as it is in all machines having slip rings), 
then during hunting its contribution to Ae' is 

, . I / de^' 

Ae' = — -AB = —^Ax^ 29.1 

^0 1 dx^ 

In general the value Ap' in the equation Ap' = Ax! is 
, <3p' I 

Ap' = ^ AB + P' Apn,' = A^’^' 29.2 

00 I ax 

where p' = Cj-p, and where 

1. (9p'/(9B)*A0 is due to the presence of applied variable steady- 
state voltages and torques. 

2. P' is any additional sudden or hunting-frequency change of 
voltage or torque applied. 

(&) In order to represent the equations of hunting also in this case 
as Ap" = 2" -Ax", the Ad term of Ae^ is carried over to the right- 
hand side of the equation. Since on the right-hand side the column 
of ApQ already occurs, in such cases Ad is assumed as the variable in 
place of ApO and the corresponding column of f {after transformation) 
is multiplied by p. Then the two columns of Ad can be added to form 


a new column of Z". That 

is, now the law of transformation of £ is 


Z' = Cf-Z-C - ^ 
08 




29.3 


The addition of dp'/dd indicates that Apd has to be replaced by Ad 
by multiplying its column by p. The equation of hunting of the new 
system is 

P' = Z'-Av' 29.4 
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THE HUNTING OF MACHINES WITH SLIP RINGS 


Av = Ai A0 I while Ax = Ai 


Sjnachronous Machine Connected to Infinite Bus 

{a) When a synchronous machine is connected to an infinite bus 
e, 6^ (Fig- 29.1), its Cg (equation 18.17) is 


e sin 5 e cos 5 0 29.6 


_ , ' where 6 = 01 — 02 = 0ait. — 0bus. Since its 

IG. 29.1 Alternator con- q jg tensor, therefore e' = e. and 

nected to infinite bus. ^ ^ 



Ae„ = — ^ A5 = 


de, de, 

— A01 — — A02 
d$i 662 


Since A02 = 0 (that is, since the infinite bus does not hunt), A0i 
can he replaced everywhere iy AS = A0i — A02. Hence 




These voltage changes appear on the terminals in all cases, in addi- 
tion to any outside voltage and torque changes Pg that may be 
applied. 

(&) Hence, by the law of transformation of Zg, 


Zl = CrZ,-C - 



29.10 
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(Note that the first five rows and columns are Z of equation 16.31.) 
d/ d^j da qa q/c s 

Ps = 

d/ dfc d„ qa q* s 

Av' = 

where p 6 is written for pdi and d — 6 i — 62 - 
By convention, central-station engineers use generated voltages and 
impressed torques. Hence the last equation of Zg has to be multiplied 
by — 1 to correspond to this convention. 

Elimination of Field Axes 

If the field axes d/, dfc, and qfc are eliminated by Z' = Z4 — Z3 'Zf^ -Zs 
and e' == 62 — Za^Z^^^ei, the simplified equations are 

da qa s 
Av = Ai®** 

dg qg s 

da —ra — Ld(p)p Lq{p)p9 BdP — e cos 5 
Z/ = qa —Ld{p)p& —ra — Lq{p)p Bqp + esin 8 = 

s -i'^Ldip) + Bd i%(p) -f Bq Mp^ 

During steady hunting, p = jha and 

dg qa s 

dg —Ta—jhxdijh) Xg{jh)p8 jhBd—e cos 5 

z/ = qg —Xd{jh)pe —ra-jhxd{jh) jhBq+e sin 5 Pg = 

s -i<^Xdijh)+Bd i%{jh)+Bg Mp^ 







29.12 
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(b) Using the per unit symbols of the central-station engineers 


LdiP) = Xdip) 

La(P) = ^^iP) 


r + Ld{p)p = Zdip) 1 Bd = 

V + L,j:{p)p = Zqip) 1 Bq = 
d q s 


-pqO 

^do 


= ido 


= ho 


d q s 


-Zd(p) 

Xq{p)pO 

—'pqop — e COS 5 

—Xd{p)p9 

-Zqip) 

'Pdop -F e sin 5 

—iqOXd(p) — PgO 

idOXqip) + pdO 

Mp'^ 


29.13 

d ACd — pG(p)AE 
Pg = q Aeq — pOG{p)AE 
s aT ~ if^C[,p)AE 


Xd{p), Xq{p), and G{p) are defined in equation 20.17 and p in 20.29. 

It should be noted that the flmc densities B occurring in the geometri- 
cal axes s may be replaced by flux linkages p only in synchronous and 
induction machines. In commutator machines (d-c. or a-c.) , B and p 
are two different concepts with no apparent relation between them. 

Numerical Example 

Let a synchronous machine without excitation (or a polyphase In- 
duction motor running at synchronous speed) have the constants (when 

.02 .233 

w — nsinn— r— 

g 

Xd(p) = Xq(p) ^ 3.02 I 

jL 

Fig. 29.2. 

the rotor is connected to an impedance load) as shown in Fig. 29.2. 

1. Steady-State Performance 

ra = 0.02 Ca = 1.05 ^^ = 0=1 

Xd = Xq=- 3.02 -f 0.233 = 3.253 5 = 0 
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By equation 20.33 


Ba sin 0 

Sa COS 5 


0 

i 

1.05 


Bd = = -0.00198 X 3.253 = -0.0064 


-0.02 

3.253 

-3.253 

-.02 


29.14 


= -i^x^ = 0.324 X 3.253 = 1.052 


2. Hunting Performance 

XdW = Xgijh) = 0.233 + — = 0.656 -i0.161 

3^ 0.477 -jO.216 

h = 0.04 jhxdijh) = 0.00645 + j0.0262 


Substituting into equation 29.13 (ignoring Mp^ 


-0.02645 - j0.0262 

0.656 - j0.161 

-1.05 +;0.000256 

-0.656 +i0.161 

-0.02645 - i0.0262 

j0.042 

-0.0051 -j0.000319 

0.84 4- ;0.0522 

0 


Therefore 


AT = -Zg-Zf^-Zs = 1.26+i0.394 
Ts = 1.26 


0.394 


29.16 


29.17 


The system is stable at the frequency of hunting 0.04 X 60 = 2.4 
cycles per second. 

Double-Fed Induction Motor 

When the impressed voltage vector of a polyphase induction motor is 

as Ar hr bs S 


e - p = 


29.18 
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where 5 = ^2 + ^3 — (and e = Mpff), then Z' of equation 27.18 
has to be supplemented by — 9p/(95 



Multiplying the last column of equation 28.18 by p (thereby assum- 
ing as the variable in place of A^5) and adding to it the above equa- 
tion, the Z' of the double-fed induction motor is (assuming both refer- 
ence axes fixed to the stator flux) 

as 

&r 

%' = \ 

S 



29.20 


where — i^^Mzph and pd^ — pSy — P 62 . The steady-state currents 
and voltages are all constant. During hunting p = jhoi and * 


Ar br bs S 



29.21 


The Hunting of Polyphase Machines 

(o) The Z of interconnected systems may be established in two dif- 
ferent manners: 

* A.T.E.M., p. 119. 
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1. The Z of the primitive (or other system) is transformed by C. 
(The general laws of transformation, valid for the most general cases, 
are given in the next chapter.) 

2. The transient pre-hunting equations e' = Z'*i' and T' = i'-G'-h 
are first established with the aid of C, then small changes are made. 
(Or the scheme of equation 28.9 is established if the axes are station- 
ary.) 

The two methods serve as checks upon the correctness of the equa- 
tions. 

(&) When polyphase machines with smooth airgaps are intercon- 
nected, the matrices of equation 28.9 assume the form 


29.22 


(Note that G' = G^ -f G^, equation 16.33.) 

Sometimes it is advantageous to establish e' = and T = 
as polyphase (complex) equations in the manner of Chapter 
22, afterward to change them into real form by equations 22.5 and 
22.6. Then the hunting equations are established. 

It is possible to establish Z' of any polyphase system by transforming 
Z of the primitive polyphase machine with the aid of a complex C. 
That transformation is not considered here, however. 

EXERCISES 

t 

1. Eliminate the stator axes and currents in equation 29.19. 

2. For the double-fed induction motor: 

(а) Find C in which the rotor axes Ur and hr rotate with the rotor flux instead of 
the stator flux (the rotor flux is at an angle (9 -h 9^) from a stationary axis, while 
the stator flux is at an angle 0i = Og on Fig. 24.5). 

(б) Establish the corresponding 2. 

(c) Find C in which both stator and rotor axes rotate with the rotor flux. 

(d) Establish the corresponding 2. 


Ae 

AT 


Z' 

(G'-iO^- - ae'/ae 

+G*?) 

Mp^ 





CHAPTER 30 


THE LAW OF TRANSFORMATION OF Z 


The Classification of C 

When the components of C are constants, the laws of transformation 
of Z and £ are Cf‘Z-C and Cf -Z-C ~ dt'/d6. 

The components of C may be functions of time that do not change 
because of hunting. This was true in equation 28.17 where the refer- 
ence frame rotated uniformly with a velocity pd with respect to the 
rotor no matter what the rotor itself did. (That is, AC = 0 but pQ ^ 
0.) In that case, the laws of transformation of Z and £ are either as 
above, where the ^ in Z refers to C and i, or equation 23.3 and 


30.1 


where p refers only to i. 

When two interconnected synchronous machines run at a constant 
angle 5, then during hunting this 5 (occurring in their C, equation 20.41) 
also varies. Then AC is not zero even though pQ, is zero. 

The law of transformation of £ when AC 0 is to be investigated 
now. 



The Laws of Transformation of Aic“ and 

It has been shown that the laws of transformation of the velocit}^ 
vector and the force vector are those of tensors, namely, 

X = C-i' ;C“ = 

30.2 

Pa = Ctpa' 


The question now arises: What are the laws of transformation of 
their differentials dx'^ and dpa (or Ax“ and Apa) ? If the components of 
C“r are constants, they transform as dtf‘ and pa,' but if C“' is a function 
of the variables or the parameters, then their laws of transformation are 
more complicated. 
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THE LAW OF TRANSFORMATION OF 2^^ 


Making small changes in the above equations 


where 


Ax = C- Ax' -t- AC-x' 



Ax“ = + AC“^x“' 




Ap = Cl ^-Ap' + ACi ^-p' 



= Ct'Ap^> + AC^'pa' 

3C 

AC = — Ae 

30 



30.3 

30.4 

30.5 


In the extra term of the law of transformation of Ax there occurs x, 
and in that of Ap occurs p. Hence Ajc“ and A^q, are neither tensors nor 
geometric objects but "partial geometric objects” since, in their law of 
transformation, not only and Las but also (and pf) occur. 

Since in the general case neither Z, nor Ax nor Ap are tensors, the 
equation of hunting Ap = Z* Ax is no longer a tensor equation. 


The Law of Transformation of Zajs 
When C is a function of a parameter 5 (such as the angle between two 
synchronous machines running at the same speed) , Z is no more a ten- 
sor. For the primitive machine let 

Ap = Z-Ax 

Substituting Ap and Ax from equations 30.4 and 30.3, 

Cr^-Ap' -f ACr^-p' = Z-(C*Ai' + AC-x') 

Multiplying by C^, 

r ac acr^ 1 

Ap' = [CrZ-C + CrZ' — -x' - Cr -p'J Av 30.6 

where Av contains Ai and A0 as its components. 

Hence, when C is a function of a parameter, two terms are added to 
Z', one by the law of transformation of Ax, the other by that of Ap, 
Since Ap' is (ap/a0) • A0 -f P', the equation of hunting of the new ma- 
chine is 

P' = Z'-Av' 30.7 


where the law of transformation of Z' is 


dC 

Z' = CrZ-C + CrZ- — 
30 



30 


30.8 
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THE LAW OF TRANSFORMATION OF Z 


When the Inverse of C Does Not Exist 

(a) When C""^ does not exist (required in the last but one term) a 
new expression may be derived for it. Let 





c- 

Lc = I 



30.9 

Differentiating A(C 

^•C) = 

= 0 = 

AC-LC -f 

C-i. 

AC. 

Hence 



c, 

;• ACr^ 

^ = -ACrC 

■*-1 

't 


30.10 

Substituting, Ct 

•ACr 


= ACt 

= - 

~ ACt 

-cr^ 

-Crp 

or 









Cf- 

ACf^ 

•P' = 

— ACrp = 

-AC 


30.11 


Hence C~^ disappears, but in its place appears e, the applied voltage 
existing before hunting and before the transformation. 

Since 2' contains the steady-state ioo it is advantageous to express e 
also in terms of io as 

e = Z-i = Z-C-i' 30.12 


Hence the law of transformation of Z is 



(&) W^hen the components of C and io contain functions of time, then 
all in 2 refer to all such variables to the right of them. In such cases 
the order of the components in the multiplication cannot be changed. 
The expanded law of transformation for such conditions is given else- 
where.* 

Mechanical Problems 

It may be mentioned that in most mechanical problems (in holo- 
nomic dynamical systems) the equation of hunting is not Ap = ZAx but 

Ap = 2-Ax [ Apa = 30.14 

where x are the variables. Since the law of transformation of Ax is 

Ax = C-Ax' I Ajc“ = QAx“' 30.15 

* A.T.E.M., p. 128, equations 42 and 46. 
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the extra term in equation 30.13, Cf •Z-(ac/3x)*x' (due to the law of 
transformation of Ax), is absent; hence in mechanical oscillation prob- 
lems the law of transformation of Z is 


dC* 


5p' 


z' = cr-z-c--— --p-^ 


dx 


dx 


_ acj ep,, 

30.16 


where p == ^« is the steady-state force equation of the system before in- 
terconnection and p' = Pa' is the applied steady-state force after the 
interconnection. All p = d/dt in Z refer to both C and Ax. 

The equation of transformation 30.13 developed for electrical ma- 
chinery is valid for non-holonomic dynamical (mechanical) systems in 
which the velocities also are subjected to small changes. 


EXERCISES 

1. Find the transient Z of the amplidyne of Fig. 18.3. 

2. If the frequency of oscillation of the amplidyne is ha, what is the steady-state £? 

3. If a synchronous machine (and the bus) run at a speed va and the field hunts at 
a frequency ha, what is the steady-state Z of the synchronous machine? 

4. Using the design constants of Fig. 20.6, find Ts and Tj) of the synchronous 
machine at the angles stated in exercise e, Chapter 20. 



CHAPTER 31 


THE EQUATION OF MOTION * 


The Electromagnetic Field Tensor 


(a) The two equations completely determining the accelerated mo- 
tion of a single rotating machine with relatively stationary axes have 
been given in equations 28.1 and 28.2 as 

e = R’i + L-pi + peG-i e„, = ^ 

T = Rpd + MpH - i-G-i T = MpH - 


e = R*i + 

T = Rv p{mv) — i-B 


= RmrJ^ + P^ni + BrnP^ 

T = MpH - i^Bn 


where the mechanical friction R is introduced for the sake of symmetry. 

(5) These two equations also can be expressed as one equation in 
terms of “compound” tensors (analogously to the equations of hunt- 
ing) by introducing the geometrical axis s to express along it the me- 
chanical quantities. That is, let the following compound tensors be 
introduced: 


I 

I 





a = OajS = 

L 


T = ra? = 

R 





M 


R 

E 

0 







31.3 


The tensor aa^ is called the “metric tensor.” 

It should be expressly noted that the rotor flux-density vector B occurs 
twice in the complete set, in particular: 

1. In the voltage equation it produces generated voltages. 

2. In the torque equation (with negative sign) it produces torque. 


The B vector has to be arranged as a skew-symmetric tensor of va- 
lence 2, F = Fqs 


♦ A.T.E.M., p. 95. 



31.4 
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the so-called “electromagnetic field tensor” that occurs in the tensorial 
field equations of Maxwell, equation 14,7. (It should be noted that F 
also occurs as a component of Z, equation 28.9.) 

(c) In terms of these compound tensors, the two equations can be 
combined into one, the so-called equation of motion 

p = r-x -f a-^x + F-x | pa ■= 31.5 

where the field tensor F is a function of i. In this form the equation may 
include any number of pO's, not only one. 

Acceleration of Direct-Current Machines 
In many d-c. machine applications it may be assumed that during 
acceleration the rotor flux-density B remains constant along each axis. 
Then the field tensor F is constant and x may be factored out as 

p = (r -I- a^ -f F)*x == Za-x 31.6 



Fig. 31.1. Compound d-c. machine. 

This is a set of linear differential equations with constant coefficients, 
just as e = Z-i or Ap = Z*Ai are, and can he solved with Heaviside's 
expansion theorem for the instantaneous velocity and currents x as i = 

zr^'P. 

As an example, let the acceleration of the compound machine of 
Fig. 31.1 be analyzed. The Z of its primitive machine is 


d, qr qs s f s 



Z' = CrZ-C, where Z' may be expressed as r' + ^'P, so that 

f s f s 

f -|- 71^rds + ^ n^Lds + L^r "H Wjigs + 2nqMq 


M 
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Since the flux-density vector is B = -MdV-di^ 


f s 



—MdVcd^ 




Tt + kIa's + n\r,ia 

+ («di'rfs + Lqr + 

n\Lqq + 2n,.Mq)p 

— Mdtidif 

Mdndi^ 

Mp 


The solution of i = Z~^*p gives the instantaneous current and rotor 
velocity 


The Torsion Tensor Sa^y 


(a) Instead of the two B’s let the two G’s be arranged into a com- 
pound tensor. Since the B’s are arranged into a tensor of valence 2, 
the G’s must be arranged into a tensor of valence 
3 (Fig. 31.2) called the “torsion tensor’’ Ta^y. It 
is skew symmetric in the first and third indices. 
That is, 

Ba^y = ~Ty^a 



— /5 

Fig. 31.2. Building 
up the "torsion ten- 
sor" — 2 Sa^y 


Many writers call half of Ta^y the torsion tensor 
Safiy so that 

= 2S„^y 31.10 


(b) It should be noted that, in commutator machines where G is inde- 
pendent ofL, the torsion tensor Sa^y is also independent of the metric tensor 
aa^- But when G = "YrT, then Sa^y can be expressed in terms of Uae- 
That is, in synchronous and induction machines 




do<P' ) 


31.11 


where Q is a function of the displacements x® of the rotor conductors. 

(c) In terms of Sa^y the equation of motion (valid for machines with 
relatively stationary axes) becomes 


dx^ 


dx"^ dxP 


31.12 
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where x“ represents the charges and instantaneous displacements. In 
the general case these differential equations can be solved only by step- 
by-step methods. 


The Affine Connection Ta/j.y 

(a) When the reference frames rotate with any arbitrary velocity 
pd', then the additional V that appears in equation 26.8 may also be 
incorporated with the two G’s into a geometric 
object of valence 3 (Fig. 31.3), the so-called 
affine connection (It is not a tensor, but 

a geometric object, since V is not a tensor. It 
is customary to place a comma before its last 
index.) 

In terms of the affine connection, the equation T 



of motion is 
dx^ 


dt dt 


F IG. 31 .3. Building up 
the “affine connection” 

31.13 


This equation represents the performance of any number of machines with 
any type of rotating frame. 

In the general case of commutator machines the components of V^y are 
arbitrary quantities independent ofaa^. They represent the mutual induc- 
tances due to the existence of rotations of conductors and reference frames. 

The law of transformation of Va^^y is analogous to that of V, equa- 
tion 26.12 

dC“ 

^ 31.14 


(6) If the parameter t (time) is replaced by 5 (distance) , the resulting 
equation represents a line in an ?z-dimensional “non-Riemannian” 
space. Hence with t the equation of motion 31.13 may be said to 
represent the motion of a particle in an »-dimensional non-Riemannian 
space. 

The Christoffel Symbol [clP, 7 ] 

{a) In special reference frames the components of assume spe- 
cial forms. For instance, for the first primitive machine and in general 
for machines with relatively stationary axes 

= 2Saey 31.15 

Another very important special case is the holonomic frame of the 
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second primitive machine. The equations of voltage and torque of 

Maxwell are -o - i 

e = R'l + ^(L-i) 

^ \ . dL . 31.16 

T == Rp6 + Mpv — - -1 1 

2 dff 

The first equation can be written 

e = + + *i 

1 dUi 9L 

If — and — are arranged analogously to the two G’s (Fig. 

2 dd dd 

31.4a) the resultant is a geometric object of valence 3, the so-called 
holonomic Christoffel symbol. 

It is customary (and from a tensorial point of view necessary) to 
divide dL/dd into the sum of two equal matrices ()4)3L/30 and ar- 



Fig. 31.4. Building up the “Christoffel symbol" [ajS.T]- 

range them as shown in Fig. 31.4&. The resultant equation of motion, 
in both cases gives the same answer. 

(&) Since in such holonomic frames 

^ocB.y = M,t] 31.17 

the equation of motion for holonomic reference frames is 

dxP dxP dx^ 

= + — 31.18 


where the Christoffel symbol is defined (with any number of rotating 
members) in terms of the metric tensor aap as 


Its law of transformation is the same as that of Tap,y, namely, equation 
31.14. 

(c) Note that: (1) The order of the indices in the denominator is 
a, /3, 7 the same as in [ajS^y]; (2) the two indices in each numerator 
differ from those in their respective denominators. 
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The first two terms give the generated voltages and the last term 
(the negative) gives the torque. 

Along non-holonomic reference frames [a0,y] has a more complex 
form. 

(d) The above equation of motion is said to represent the motion of a 
particle in an w-dimensional Riemannian space. 


The Dynamical Equation of Lagrange * 

It will be proved that the equation of motion for Jiolonomic axes 
[equation 31.18) represents the well-known dynamical equation of Lagrange 
in an explicit form. That is, the kinetic energy T of the dynamical 
equation is here replaced by its value 

[a) Starting with the equation of Lagrange, 


dt\dx^) dxP' 


31.20 


let T == and F = 


ar _ 1 d(aafix“x^) 

w ~ 2 a^^^ 


1 .fl 1 

2 ^•y/3^ 2 


This result is found by differentiating each tensor separately. Now 
daafijdx^ = 0, dx'^/dx'' == 5“ = unit tensor, and is a 

function of x"* but not of x^). 


d_ 

dt 



1 ( day0 dx^ .3 , d^x^ , daay dxP „ 

Asx- * + *2 a;c» * * 


+ da: 


1 / an-yg ^ 

2\ax“ dx^ 


dac 




dv 

dF 


dV N 
dF ) 


dT^ 

dx^ 


2 dx^ 


x“x^ 




\ + \ 


Substituting into the equation of Lagrange, the explicit form of the 
equation of Lagrange comes out as 




dV 

dt^ ■ 


+ + = 31.21 


Kron, “Quasi-Holonomic Dynamical S 3 retems,” Physics, vol. 7, April, 1936. 
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or 


py = TyfiX^ [o!i3,7]x“a^ 


31.22 


(h) In the general case of commutator machines when Tajs.y is not a 
function of aa^ (that is, when G is independent of L), ihe equation of 
motion cannot be expressed in terms of the kinetic energy T and it cannot 
be considered a modification of the Lagrangian equation. Classical 
dynamics has no equivalent concepts to offer, and the concepts of rela- 
tivistic electrodynamics must be resorted to, from which the entities 
and Sae,j have been borrowed. Classical dynamics employs only 
the Christoffel symbol [cf)3,Y]. 

In the special case of synchronous and induction machines when G = 
“Yj'Ijj then Ta^^y can be expressed in terms of the kinetic energy T by 
using the Boltzmann-Hamel extension of the Lagrangian equation that 
has been developed for non-holonomic reference frames, namely 



dx-'' ' 




5^ 


dxf 




■■Jy 31.23 


The derivation is to be found in other publications.*. 


1. Find Za of the machines of Figs. 31.5 and 31.6. 

2. Starting with the law of transformation of the' metric tensor Uae, derive that of 
daafi/dxy. 



Fig. 31.5. Fig. 31.6. 


3. Starting vdth the law of transformation of daaeldx'^, derive that of the Christof- 
fel symbol. 


4. Prove that [ajS, 7 ] = [j3a,7]; [a/ 3 , 7 ] + [7|3,«] 


_ dQgr 
dxf ' 


* Kron, "Non-Riemannian Dynamics of Rotating Electrical Machinery,” Journal 
of Mathematics and Physics, 1934, pp. 103-194; G.E.R., October, 1938, p. 448. 
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THE THIRD GENERALIZATION POSTULATE 

Vectors without Magnitude and without Direction 

In conventional vector analysis a vector is defined as a "physical 
entity that has magnitude and direction.” That a vector has a "law 
of transformation” when the reference frame changes is tacitly as- 
sumed as self-evident without any further statement. This obvious- 
ness of a law of transformation is due to the simplicity of a Euclidean 
space and the ease of visualization of entities in such a space. Also in 
a plane or in a three-dimensional Euclidean space with orthogonal 
reference frame the inverse of C (or rather Ci"^) is identical with C, 
there is no difference between a covariant and a contravariant vector, 
and the law of transformation loses its importance as a yardstick to 
recognize physical entities. 

With the introductiofi of generalized coordinates (in electrical and 
mechanical network and machine studies), the space in which the 
vectors lie and the reference frame in which they are measured get 
more complicated, hence the emphasis in the definition of a physical, 
entity (such as a vector) must be shifted to its law of transformation.! 
In tensor analysis a vector is defined as a "physical entity whose law 
of transformation requires either C or only once.” A vector does 
not necessarily have to possess a magnitude or a direction. It only has 
components and a definite law of transformation. 

To define the magnitude of a vector it is necessary to introduce the 
concept of a metric tensor and to define direction it is necessary to 
introduce the concept of affine connection, In their absence there 
still exist vectors, reference frames, spaces, and other attributes of 
physical problems; only the two concepts magnitude and direction are 
missing. 

The Metric Tensor * 

(a) If the self and mutual inductances (and moment of inertia) 
flag of a synchronous or induction machine are known, their perform- 
ance can be predetermined under all conditions of operations. For 


T.A.N., Chapter XVIII. 
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that reason the metric tensor plays an all-important part in the 
study of rotating machinery and of course in tensor analysis. In 
dynamical problems contains all the moments of inertia and 
products of inertia of the system; in geometrical problems aa^ con- 
tains the direction cosines of the reference axes. 

When the components of a vector, say (that is, the currents flow- 
ing in the various windings), are known, the magnitude of that vector is 
still unknown. In fact, no definition has been given hitherto of what 
the resultant vector i represents physically. 

(&) The absolute magnitude of \i \ of a vector is defined in 
tensor analysis with the aid of the metric tensor as 

(Magnitude of | ^ 1^ = 32.1 

Or, if the vector is covariant, like ipa, its magnitude is defined as 

(Magnitude of <pa)^ - 1 “P 1 ^ = cL°‘^<PaV>^ 32.2 

where is the inverse of Cap. (Physically represents short- 
circuit inductances.) 

Since the stored magnetic (kinetic) energy of a system Is T = 
the magnitude of the current vector at any instant is equal to the 
square root of twice the magnetic energy stored in the system. 

Raising and Lowering Indices * 

Multiplication with the metric tensor Oap lowers an upper index, and 
multiplication with a°‘^ raises a lower index, as 

i^^aocB = ie or ~ 

32.3 

Sap,ya'^^ = S-J and aps Sff 

Only the indices of tensors can be raised or lowered. Exceptions are 
Tap,y and [aj 3 , 7 ], whose third indices may be raised or lowered as 

= Tip and = | 32.4 

When an index of a tensor is raised or lowered, its physical meaning 
also changes. For instance, i^ is identical with <Pa (since L-i = (p)\ 
similarly ip® = R'J‘ contains “decrement factors” r/L, G'a becomes 
identical with the “rotation tensor” 7 ^. 

* A.T.E.M., Part XV, p. 145. 
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Covariant (or Absolute) Differentiation 

(a) Considering the equation of motion 31.13 
doiP 

pa = 32.5 

dx^ 

the term aas - 7 “ is not a tensor (since dxfi is not a tensor, as shown in 
dt 

equation 30.3). Similarly the last term is not a tensor since rj 3 .y_Q, is not 
(it contains V). However, the sum of the last two terms, namely, 

d^ 

OaB 1- Tfly = Aa 32.6 

dt 


is a tensor (since each of the other two terms of the equation is a tensor) . 
That is, the induced voltages do not form a vector (a tensor of val- 
ence 1) ; neither do the generated voltages. But their sum is a tensor, 
no matter what reference frame is used. 

(5) This relation is used to define one of the basic operations of ten- 
sor analysis that always produces automatically a tensor out of 
another tensor in spite of the presence of differentiation. 

The “covariant {or absolute) derivative” of a vector is defined as 


M! 

dt 


dA‘^ 

dt 




dxf 


32.7 


The covariant derivatives of tensors of various valence is defined 
with the aid of as many as the number of valence, e.g.. 







dx^ 

dt 


32.8 


Covariant derivatives may be defined with respect to tensors of any 
valence. For instance, in field problems 


dx^ do(f 


+ T^pdA-^ 


32.9 


(r) The importance of covariant derivatives is that they obey the 
rules of ordinary derivatives. E.g., 

S{A„pB^^) = {dAo,f)B^^ -h Ac^^dB^^ 32.10 

Hence in many analyses the presence of may be dispensed with and 
the analysis performed without being encumbered by How- 

ever, all differentiation symbols then represent covariant differentia- 
tions. 
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The Third Generalization Postulate 


(a) The preliminary postulate extends the use of a particular arith- 
metic equation to a large number of analogous cases by replacing each 
number with an algebraic symbol. The first postulate allows the 
extension of an equation from one degree (or a few degrees) of freedom 
to n degrees by replacing each algebraic symbol by an appropriate re- 
way matrix- The second postulate extends the use of the matric equa- 
tion (or equations) of a particular system for a large number of systems 
possessing the same types of reference frames by replacing each re- way 
matrix by an appropriate geometric object. 

(b) The next step in the generalization of the meaning of symbols 
concerns reference frames that have more complicated structures. It 
is comparatively easy to establish, say, the equation of motion of a 
particle moving on the plane. The question arises whether the simple 
equation of a plane may be generalized to apply to the motion of a 
particle on a curved surface, say on an ellipsoid. 

The third generalization postulate states: An invariant equation, 
valid for an infinite number of physical systems all possessing a simple 
type of reference frame, may he generalized to include reference frames of 
more complicated types, by replacing each geometric object by an appro- 
priate tensor. In particular all ordinary derivatives in the equation are 
replaced by covariant {or absolute) derivatives. 

(c) For instance, the invariant equation 


= Lae — 


32.11 


valid for all possible stationary networks possessing magnetic (kinetic) 
energy, is valid for all rotating machinery if di^ jdt is replaced by 
di^ldt. That is, the equation of performance of all rotating machines is 


di^ 


it - 




32.12 


As another example, Newton’s law / = mdx/dt assumes in a recti- 
linear reference frame with re degrees of freedom the form 
dy? 

U = 32.13 

In any curvilinear reference frame and with generalized coordinates, 
the equation becomes, by virtue of the third postulate, 




dxP a 

r/3 ^ 


32.14 
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where the value of depends on the particular reference frame 

assumed. In holonomic reference frames is the Christoffel sym- 
bol [oijS.y] depending only on in non-holonomic frames T^y^a 
assumes a more general form. 


The Generalization of Maxwell’s Field Equations 


As one other illustration of the third generalization postulate, let the 
field equations of Maxwell, given in equation 14.7, be considered. The 
equations are valid in rectilinear reference frames that may move with 
a uniform velocity along a straight line. If the axes are curvilinear 
and the reference frame has an accelerated motion, then equation 14.7 
assumes the form 


I 


III ^1 = 0 

dx°‘ 

JM 77 _ 


-h 


+ = 0 


dxP 

Qpoi^ 


ds“ „ o 

I’.? = ^ ^ + rjrfv 


32.15 


where the covariant derivatives are defined in equations 32.7 and 32.8. 
(A detailed analysis is given in another publication.*) These are the 
forms of the Maxwellian equations that apply to rotating electrical ma- 
chinery. 

Again implied in the covariant derivatives depends on the refer- 
ence frame used. In the special case when Ta^^y — [a^M (that occurs 
in most field problems but not in rotating machinery). Maxwell’s 
equations assume the very simple form 



9 

dx^ 


I 


11 



_ d<Pa d(p0 
“ dxP ax“ 


III 

32.16 

IV 


They are practically the same as equation 14.7 except that the deter- 
minant a of the metric tensor Cas also appears in the equations as a 
scalar multiplier. 


* Kron, ‘‘Invariant Form of the Maxwell-Lorentz Field Equations for Accelerated 
Systems,” Journal of Applied Physics, March, 1938, p. 196. 
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The Expansion of a Tensor Equation 

Again it is emphasized that the use of the third postulate simplifies 
the problem only during the analysis. Before the constants of a par- 
ticular engineering structure may be put into the equations, the tensor, 
equations have to be expanded. In particular: 

1. The tensors (like Si") have to be replaced by their equivalent 
geometric objects. 

2. The geometric objects have to be replaced by the ^-matrices of the 
particular reference frame under discussion. 

3. The ^i-matrices have to be replaced by algebraic symbols. 

4. The algebraic symbols have to be replaced by their numerical 
value. 

That is, the more the analysis is condensed, the more routine work 
remains that has to be performed eventually. Of course, without con- 
densation the analytical work and the visualization of the phenomena 
would be in many cases either prohibitively complicated or impossible. 

The Establishment of Tensor Equations 

The main purpose of this book is to establish equations of perform- 
ance of electrical engineering systems in a rigorous manner. To accom- 
plish that, certain elementary concepts of tensor analysis have been 
introduced. 

The purpose of tensor analysis, however, is not merely to establish 
equations of performance in a rigorous manner. That is only a second- 
ary role. A far more important role of the tensorial concepts is to 
establish the performance of physical systems in terms of actually 
existing, measurable quantities, that is, in terms of tensors only. In 
stationary networks this last role is of secondary importance since 
practically any method gives measurable quantities. But in case of 
rotating machinery, that is not so. In the familiar steady-state prob- 
lems long experience has already established certain routine methods 
that give measurable quantities, but in problems of hunting, little or 
no such engineering experience exists. 

To establish the equations of hunting of dynamical systems in terms 
of measurable physical quantities (tensors) only, still more advanced 
concepts of tensor analysis have to be employed; these, however, are 
not undertaken in this book. One advantage of such an analysis is the 
possibility of establishing equivalent stationary networks that corre- 
spond to the hunting system. If the equation of hunting of a machine 
is not a tensor equation, it is impossible to establish a stationary net- 
work that corresponds term by term to the given non-tensor equa- 
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tion.* The equations of hunting of slip-ring machines, as given in 
Chapter 29, are not tensor equations. 

In general, an equation of a physical system may be represented by 
a model (equivalent circuit) only if the equation is a tensor equation. 

* Kron, “Equivalent Circuits for the Hunting of Electrical Machinery,” Tmns. 
A.I.E.E., 1942. 
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Amplification factor, 152 
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quasi-holonomic, 205 
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shifting of, 137, 182 
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Christoffel symbol, 205, 235 
non-holonomic, 205 
Coefficients of rotation of Ricci, 206 
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Coil, definition of, 45 
interconnection of, 23 
Compound matrix, 14 
Connection tensor, 44 
Constraint, equations of, 46, 50 
as transformations, 47 
Contraction, 102 
Covariant indices, 101 
Criterion of stability, 152, 217 
of Reuth, 152 
Curl, 106 

Currents, dependent, 47 
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load, 51 


I Decrement factor, 240 
Determinants, 7 
I Differentiation, absolute, 241 
ordinary, 104 
Direct axis, 120 

Direct-current machines, acceleration of 
233 

hunting of, 218 
primitive network of, 118 
Direct notation, 98 
Direction, definition of, 241 
Divergent, 105 
Division with 2-matrices, 6 
Dummy-index rule, 101 
Dynamic stability, 216 

Einstein convention, 101 
Elimination, of field axes, 223 
of meshes, 15 
of variables, 17, 156 
Energy, stored magnetic, 240 
Equations, matric, 12 
of constraint, 46, 50 
of independence, 51 
of Lagrange, 237 
of Maxwell, 109, 111, 243 
of motion, 232 
of power, 42 
of small oscillations, 213 
of small torque, 214 
of small voltage, 214 
of torque, 212 
of Maxwell, 209 
of voltage, 204, 210 
of Maxwell, 208 

Equivalent circuits, establishment of, 
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of double-cage Induction motor, 182 
of capacitor motor, 175 
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of induction motor, 171, 182 

nf ClfliArhnit; nHTrnnr'<ar 1 S1 



248 


INDEX 


Equivalent circuits, of selsyns, 199 
of shunt polyphase, 183 
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torque in, 168 

Fan drive, 199 
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Field equations of Maxwell, 109 
four-dimensional, 111 
?j-dimensional, 243 
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Forms, 10 
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Generalization, of Maxwell's equations, 
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of Newton’s law, 242 
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preliminary, 115 
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Geometric objects, 186 
Gradient, 105 
Ground impedance, 73 
Group property, 44 

Hermitian tensors, 65 
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lower, 101 
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181 
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hunting of, 219, 221 
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Kirchhoff’s first law, 23 
Kronecker's delta, 9 
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Load ratio control system, 54 
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Magnetizing current, 94 
Magnitude, definition of, 239 
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definition of, 3 
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linear, 3 

multiplication of, 5 
null, 9 
order of, 1 1 
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Matrices, skew-symmetrical, 10 
symmetrical, 9 
transpose, 8 
unit, 9 
zero, 3, 9 

Mercury-arc rectifier circuits, 81 
Mesh currents, 27 
Mesh network, 22 
Meshes, number of, 44 
Metric tensor, 125, 232, 239 
Minor, 7 

Mixed primitive network, 73 
Motional impedance tensor, 214 
of mechanical problems, 230 
Multiplication of «-matrices, 5 
Multiwinding transformers, balanced, 91 
unbalanced, 53 

Networks, analytical units of, 45 
interconnection of, 28 
mixed primitive, 73 
primitive, 21 
sequence, 67, 77 
sequence primitive, 67 
sub, 45 

Non-holonomic frames, 238 
Notation, direct, 98 
index, 98 

ra-Way matrices, 3 
Oscillations, frequency of, 217 

Park's notation, 162 
Per unit system, 160 
Phase-shift transformers, 91 
Polyphase machines, 1 77 
induction, 178 
primitive, 178 
Scherbius advancer, 181 
series commutator motor, 183 
shunt commutator motor, 1 83 
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Postulates, generalization, first, 115 
preliminary, 115 
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third, 242 

Power, definition, 42 
invariance or, 42 
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second, 193 


Primitive reference frame, 110 
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transformation of, 208 
Primitive system, 29 
Primitive transformer, 93 
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Quadratic form, 10 
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of windings, 33 
types of, 33 
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fixed to rotor, 129 
holonomic, 191 
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oscillating, 228 
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rotating, 136, 185 
uniformly moving, 111 
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Repulsion motor, 144 
Resistance tensor, 125 
Revolving-field theory, 167 
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Scalar, definition of, 40 
Scherbius advancer, 181 
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Series polyphase commutator motor, 183 

Shaded-pole motor, 140 

Short-circuit, 73 

Short-circuit inductances, 240 
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Sign convention, 146 

Simultaneous equations, 1 7 



250 


INDEX 


Singular transformation, 43 
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Space, non-Riemannian, 235 
Riemannian, 237 
Speed-control systems, 196 
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Star-mesh transformations, 17 
Stokes’ theorem, 108 
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Subnetwork, 45 
Summation convention, 101 
Symmetrical components, 64 
Synchronous machines, 129 
elimination of field axes, 158 
hunting of, 222 
interconnection of, 165 
on infinite bus, 147 
out of step, 163 
polyphase, 194 
reference. axes, 129 
steady-state, 162 

Tensor equation, establishment of, 244 
expansion of, 244 
Tensors, conjugate, 64 
connection, 22 
current, 42 
definition of, 39 
dual. 111 

electromagnetic field, 233 
four-dimensional, 110 
hermitian, 65 
impedance, 125, 214 
inductance, 125 
metric, 125, 232, 239 
motional impedance, 214 
resistance, 125 
rotation, 127, 206, 240 
sequence, 65 
torque, 131 
torsion, 234 
transformation,' 134 
turn-ratio, 135 
Time as variable, 152 
Time-constant, 217 
Torque, damping, 217 


Torque, formula of, 131, 144, 191 
synchronizing, 217 
tensor, 125 

Transformation, complex, 64 
constraints as, 47 
formula, of geometric objects, 186 
of spinors, 64 
of tensors, 39 
orthogonal, 186 
singular, 43 
star-mesh, 17 
tensor, 22, 30, 44 
theory, 21 
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Transformers, multi winding, 53 
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three-phase, 91 

Transient stability, 216 
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Turn-ratio tensor, 135 

Unit matrix, 9 

Unit transformation tensor, 140 

Unit vector, 22 

■Valence, 40 
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elimination of, 17, 156 
independent, 47 

Vector, contra variant, 101 
covariant, 101 
definition of, 40, 239 
direction of, 241 
flux-density, 126 
flux-linkage, 126 
magnitude, 239 
unit, 22 

Voltage, equation of, 126 
generated, 122, 203 
induced, 122, 203 

Windings, of capacitor motor, 36 
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primitive, 33 
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Zigzag connection, 92 






